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PREFACE 


Dorino the time that has elapsed since the publication in 1909 
of A Course of Plane Geometry for Advanced Students, Part I., 
the author has received many friendly suggestions from those who 
have employed it as a text-hook. A<lvantage is now Uiken of 
the need for a new edition to make a thorough revision and re¬ 
write various portions of the book, in the light of the experience 
thus gained : in fact, so extensive are the changes, that it seemed 
desirable to select even a fresh title. 

Some new material has been added, the old material has been 
re-arranged and occasionally condensed, but it is hoped that 
clearness has been nowhere sacrificed to brevity, and that the 
collection of riders, to which the author attaches great inijmrt* 
ance, has benefited by the omissions aud additions which have 
been made. 

C. V. D. 


/un« 1910. 




CONTENTS 


CUAPTER L 

SIMILAR FIGURES. 

Sn^iTrAR Polygons . . . - 

Homothetic Circles a.nd Centres of Similitude 

Pantograph 

Areas ..•••••** 
Constructions ..••••* 


CHAPTER II. 

RATIO AND RECTANGLE PROPERTIES. 

Ratio of Trianole.s 

Transversai. Property. 

Apollonius' Circle. 

Ptolemy's Theorem ..•••** 

CHAPTER III. 

PROPERTIES OF THE TRIANGLE. 


Notation - - - * • 

Cibcumcentre, Ortuoc.entbe, 
Excentres 
Nine*Point Circle 

Tii 


Centroid, 


Incentbe, 


tAOX 

1 

3 

6 

i 

8 


lU 

13 

16 

17 


19 

•JO 

27 







nil 


CONTENTS 


The Euz-eh Line 
Pbopertzss of O, I, H 


rAOB 

28 

30 


CHAPTER IV. 

CONCURRENCY AND COIXINEARnTY. 

Sense 

The Point at Infinity on a Straight Line - 
Cbva’s Theorem 
MENEI.AUS’ Theorem 

Another Theorem on Concitrbenoy • • • 

SiMSON’a Line • • . . . 


37 

38 
40 
42 

45 

46 


CHAPTER V. 


VECTOR GEOMETRY AND STATICAL APPLICATIONS. 


Definitions : Vector Addition 
Mean Centre - . . . . 

Vector Mtn.TiPi4icATioN ... 
GrAPHICAX. CONSTRDOnON . 

Interpretation of (r. ^) = [x, y] 
Demoivrb's Theorem 
Centre of Gravity .... 
AroixoNiDs’ Theorem and Extensions 


49 

51 

53 

55 

56 

57 

58 
61 


CHAPTER VI. 

HARMONIC RANGES AND PENCILS. 

Metrxoax. Properties • - . . 

Pench. Properties • • - , , 

Cross Ratio • - . . 


65 

66 
73 













CONTENTS 


IX 


CHAPTER VII. 

THE QUADRANGLE AND QUADRILATERAL. 

TfTTt Principle of Duality . . • • • 

Harmonic Theory . - - - - 

Mid Points of DrAOONAi.3 Collineab 


CHAPTER VIII. 

ORTHOGONAL CIRCLES. 

Tests for Orthogonal lNTEB<’EcrrioN 
Harmonic Propebties . . • • 


rxn* 

77 

80 

85 


88 

01 


CHAPTER IX. 

POLES AND POLARS. 

Definitions ..-••• 

Analytical Methods - . • • * 

Conjugate Pbopebties . . • - 

Habmonio Pbopebties . . ■ • 

The Quadrangle and Quadrilateral 

CHAPTER X. 

INVERSION. 

Definitions ---•*• 

Inverse of Straight Line and Circle 

Angle between Curves . . - • 

Mettrical Pbopebtie-s . . - • 

Two Circles inverted into each other - 
Analytical Methods . • • • • 


03 

04 

05 

08 

102 


105 

106 
lOS 
112 
114 
118 











X 


CONTENTS 


CHAPTER XI. 

COAXAL CIKCLES. 

FAOB 

ANArTTlOAt, MbTHODS' > • . . . . •121 

Rasioax Axis ......... 124 

COAXAZ. ST8T2M AKD LIMITING PoiKTS .... 12G 

PoxAB Pbopebtx . . . . . • 131 

Appzjoatiok to Quadbixatebaz. • • . . >134 

CiRCZiBS OP SlMTLITUDB.136 

Mbtbioax Tangent Pbofebtix8 • • • . . >138 

Apfxioation or Invebsion • • • • . . *142 


144 








MODERN GEOMETRY. 


CHAPTER I. 

SUVULAR FIGURES. 

whict. arc cquiar.gr.lar and have their corrcspondir.g 

sides proportional are called 5iTnj/«r. 

It, in addition, their corresponding sides are parallel, they a 

said tc be similarly situated or homothctxc. 


THEOREM 1. 

If O is any fixed point and ABCO -X any polygon, and if points 

^ t /^A np OX (or those linos 

A'. B', O', ... X' are taken on OA, OB. OU. ... ^ \ 



D.u.a 
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OA^ QD' OV^ 

produced either way) such that = = — = 7 ^=^ then the 

polygons ABCD...X, A'B'C'D'...X' are homothetio. 



OA 'B' are similar. 

. A'B' OA' , 

•* AB “OA 

corresponding sides are proportional and paralleL 

the polygons are homothetic. Q.E.D. 

D€fi7ution. 

If O is a fixed point and P is a variable point on a fixed curve S, 

and if P is a point on OP such that —k (a constant), then the 

locus of P' is a curve S', which is said to be homothetic to S j and 
P, P' are called correapondiTig points. 

O is called the centre of similitude of the two figures. 

If P and P' lie on the same aide of O, the figures are said to be 

'lirectly homothetic w.r.t.* O, and O is called the external centre of 
similitude (see Fig. 1). 

If P and P' lie on opposite sides of O, the figures are said to be 
inversely homothetic w.r.t. O, and O is called the internal centre of 
similitude (see Fig. 2). 

The parallel lines AB, A'B' in Fig. 1 are said to be drawn in the 
sayne sense. 

The paraUei lines AB. A'B' in Fig. 2 are said to be drawn in 
opposite senses. 


* w.r.t. will bo used as an abbreviation for “with respect to.” 



SIMILAB FIGURES 


I 


theorem 2 . 

A. B are the centrea of any two circlea of radii a, 6 ; AB is divided 
externally at O and internally at O. in the rat.o of the radu 

r. AO AOi_a~l. 

L*-** BO 0,B bJ‘ 

then the eirclea are directly hoorothetie w.r t. O 

homothetie w.r.t. O.. and corresponding pomts he on the extrennt.ee 



P i6 any point on the circle, centre A. 
Produce OP to P', so that = 5 - 


Since 


OP' 


b 

a 


OP 

hy similar triangles 
But AP=o; 


BP' is parallel to AP. 


OB 
OA’ 

BP' _0B _J> 
■^"OA ~a 
BP'=i>. 


P' lies on the circle, centre B, radius 6 . 
the circles are directly homothetie w.r.t. O ; an e 
through the corresponding points P, P are para e . 

Alsl O is the external centre of similitude of the 
Similarly, the circles are inversely ^ 3 , 

radii through the corresponding points Q. Q ( R 

’“C o. i. tha internal centre of Bichtude of the two erdea^^ 
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I. If two polypoas are homothetic, prove that the lines joining corre- 
Rpondini' vertices are concurrent. 

2 (1) If P. P' and Q.. Q,' are two pairs of corresponding points, prove 

that PQ is parallel to P Q,'. _ 

(2) If P and P’ are corresponding points on two homotnetic curves, 

prove tliat the tangents at P and P' arc j)arallel. 

3, If two curves are homothetic w.r.t. O, and if OP is a tanc^t*t to 
one curve, jirovo that it is also a tangent to the other. 

4 If two triangles are homothetic, prove that (1) the centres of their 
circumscribing circles, (2) their orthocentres are corresponding points. 

5 Two plans of the same estate, on different scales, are ]ilaced one 
wholly on the other with their north-south lines parallel ; prove that 
there'is one point of contact between the maps at which the same place 
is represented in each map. 

6 O is ony fixed poiot: P is a variable point on a fixed circle : P' ii 
a point on OP. snch that is constant; prove that the loons of P' is 

7. Prove that the common tangents to two circles pass throngh one or 
other of the centres of similitude. 

8. A is a fixed point : P is a variable ]>oint on a fixed circle, centre C ; 
the line biscctinc the angle AGP meets AP at Q. I'ind the locus of Q. 

9. .A line OHK is drawn through the centre of siniilitiide of two 
cin-lea to cut them at H. K ; prove that the tangents at H, K are parallel. 

10. Two rir<-lc8 interaert nt C, D, and their common tangents intersect 
at T ; CP. CQ arc the tangents at C to the two circles ; prove that CT 
tlu' aiiLilo PCQ. 

II. \Vhcre the int^'mal contro of eiinilitude of tn o circled which touch 
cavh lather ? Where is the external centre of siniilitudo of two equal 
circlcj^ ? NS’hero are the coutres of ainiilitudo of a circle and a straight 
lino ? 


12. If S ami S‘ are two curv’cs, each boniothotic w.r.t. a third curve X 
(w.r.t. ilitToix^nt centred), prove that S is homothetic to S'. 

13 Two tl.xc 1 cijclc.i touch each other at A ; a variable lino through 

AP 

A cuts the circie^ ut P, Q ; prove that is constant. 


14. A , B . C' are the niiii points of the sides BC, CA, AB of a triancle 
ABC ; G. H, O are the centroid, orthocentre, circuincentro of Iho 
inaT'glc ABC ; prove that (i) G is the centre of eirniIitude of the trianglea 
ABC, A'B'C\ (ii) O is the orthocontre of the triangle A'B'C'. and hence 

GH 

tlial G. H, O art* collincar. What is the value of the ratio 


15. P is a vari.ibU* point <>n a liwd liti*' AB : AC id another fixed line : 
» * ir*lc ilrawn to touuh AB, AC and tl.c * utle whose diameter is AP. 
\*r •\ c th'U the lo* us of the point of couta< t of the two circles is a straight 
oin* through A. 
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16, The centres of two circles of radii a. 6 are at distance d apart 
Calculate the distance between the two centres of sijnilitude. 

17 A', B', C' are the mid-points of the sides DC, CA, AB of a triantilc 
ABC ; prove the tunfient at A to the circle ABC is parallel to the Ungent 
at A' to the circle A'B'C'. 

18. P. Q. are any two points on a circle ; P'. Q' arc the corresponding 
points on a second circle w.r.t. a centre of similitude O ; OP» OQ meet 
the first circle again at X. Y and the second circle at X'. Y' ; prove that 

(i) PQ, is paraUel to P'Q'. (u) PQY'X' is a cyclic qaadrUateral. 

(iii) OP. OX' = OP'. OX = OQ. OY' = OCl'. OY. 

19. O is the external centre of eiinilitude of two circles ; OTT' ie an 
exterior common tangent; Q. Q.' are a pair of corresponding points 
w.r.t. O : prove that QT, Q'T' are parallel. 

20 Prove that a variable line through a centre of slmilitnde of two 
fixed'circles cots off from the circles chords whose lengths ere in a constant 
ratio, and similar segments. 

21 OPQ is the external common tangent to two circles which intersect 
at A. B ; if O is a centre of siinilitudo. prove that OP - OQ = OA*. 

22 Two spheres, radii a, b {a >6), arc glued together at a point P. 
The solid so fonned is placed on a horizonUl tablo end is made to roll, 
without slipping, on the table ; prove that P describes a circle of radius 
r given by r*{a* - 6*)* = lOu’b*. 

23 The in-circ!o of the triangle ABC touches BC at X. and the circle 
escribed to BC touches BC at X' ; if AX' c-uts tlie in-circle at F, G. 
prove that cither FX or GX is a diameter of the m-circlo. 

24 Two circles APQ. AHK cut at A : PH, QK are their common 
tangents ; prove that the circles APH, AQK touch each other. 

25 If a circle S touches the circumcircle of the triangle ABC at P. 
prove that the tangents to S from A. B. C are in the ratio AP : BP : CP. 
Wlmt does this result become when the radius of S increases without 
limit} 

The description of a figure, bomotUctio bo a given figure, is some¬ 
times efiectod by means of an instrument, called a pantograph. This 
might bo employed, for example, when increasing or reducing the 

scale of a map or plan. 

In the figure, rods are rcjiresentcd by straight linos. Two equal 
rods OA, AP are jointed together at A and the ond-poiiit O is fixed 
but OA cun turn freely about O. Two other rods P'BH, P'CK are 
jointed together at P' and are pinned to OA, AP resjxjctively at 
B, C, so that BP' = BO and BP'CA is a parallelogram. 
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If P ie made to trace out any curve S, then P' will trace out a 
bomotbetio curve S'. 



THEOREM 3. 

A triangle ia given in species (».«. ite angles are given), one vertex 
is fixed, another lies on a given circle, then the locus of the third 
vertex is a circle. 



ABC is one position of the triangle ; A is fixed, B lies on a given 
circle, centre O. 

On AC take a point Bj, such that ABi=AB. 

On ABi describe a triangle AO^Bt directly similar, and ooo* 
^ruent to the triangle AOB. 


SIMILAR FIGURES 


1 


Since 0,ABi = OAB, O,AO = B.AB = constant 

Also AOi = AO==coDetant 

Oi is a flsed point. 

But 0,Bi = OB=con8tant 


Now 


shape. 



/. B| describes a circle. 

=^=constant, since the triangle ABC is of given 
AB, AB 

traces out a curve similar to the locus of Bj. i.^. a circle. 

Q.E.D. 


Notice the connection between the locus of B and the locus of 
C. If the circle on which B moves is rigidly rotated about A through 
the constant angle BAG, its new position is the locus of B, ; U now 
this circle is uniformly contracted towards A, being altered in the 

constant ratio the new position of this circle is the locus of C. 


THEOREM 4. 

If the line CD is a mean proportional between the lines AB, EF, 
and if S, T are the areas of any two similar hgures of which AB. 

. S AB 

CD are corresponding sides, then 



Kio. S 

® ; but CD» = AB. EF, 

T CD* 

S AB* _AB 
T"AB. EF EF' 


Q.E.D 
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Thia Theorem ia of use in various constructions {e.g- Ex. 44, 46). 
The following example illustrates another typo of constniction- 
Ezample. To inscribe a square in any given triangle ABC. 


A 



FlO. 7. 


On BC describe a square BHKC externally to the trianglei. 

Join AH, AK, and let them cut BC at H', K'. 

Draw H'B', K'C' perpendicular to BC to cut AB, AC at B', C'. 

Then B'H'K'C' b the required square. 

To prove this, regard A as a centre of similitude. 

27. A triftiiglo ABC is given in species ; A is fi.ved, B moves on a fixed 
straight line ; tiiid ihe locus of C. 

28. A, B aro two fixed points on a fixed circle : P is a variable point 

on the circle; Q is a point on BP, such that is constant; find the 
locus of Q. 

29. APQ is a variable triangle ; A is fixeil. P moves on a fixed line CD ; 
if AP meets a fixe<l line i>urullcl to CO at R, and if PQ = AR and if the 
angle APQ is con.Htuat, prove that tlic locus of Q. is a straight line. 

30. Two fi.xcd circles intersect at A. B : a variable lino through A 
cuts the circles at P, Q; prove that the locus of a jioiub dividing PQ in 
a coii.HtaTit ratio is a circle. [Consider tolulion and shrinking about 6 ] 

31. 'riie sides QR. RP. PQ, of a variable triangle fixed in species 
pass tlirough t)ic iiNcd points A. B, C : prove that tlie locus of the ortho- 

i-ntre of the triniigie PQ.R is a circle. [If the circles ABR. ACQ cut at 
E. prove E is a fixed point, and consider rotation and shrinking about E.] 

32. B. B' are two point.-* on two lines AB. AB'. O is a point such 
that, by a rotation about O, the line AB and the point B can be made 
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d 


homothetic to the line AB' and the point B' ; prove that the locus of O 
is the circle ABB'. 

33. In a given triangle, inscribe a triangle having ita sides parallel to 
th^ fixed lines. 

34. Given a triangle ABC, constnict a scpiure such that two vertices 
lie on BA produced, CA produced ami the opposite side along BC. 

35. In a given triangle inscrihe an equilateral triangle with one side 
parallel to a given line. 

36. OB, OC are two given radii of a circle. Describe a square so 
that two of its vertices lie on OB, OC and the other two on the uix' BC. 

37. ABCD is a quadrilateral such that BA = BC and DA^ DC; 
inscribe a square in the quadrilateral. 

38. ABCD is a sqtiare : construct a scnucircle to touch BA. BC and 
to have the ends of its base on DA, DC. 

39. Two given lines intersect at an inaccessible point H ; A is a given 
point; construct the line AH. 

40. Construct a circle to touch two given lines and to pass through 
a given point. 

41. Inscribe in a given triangle a rectangle similar to a given rectangle. 

42. Constnict a square ABCD such that AC - AB is of given IciiL'th. 

43. Constnict a triangle similar to a given triangle, and such ibat iu 
vertices lie on tiirco given parallel straight lines, 

44 Divide a triangle by a line parallel to one side into parts aho.'ic 
aroits io ft given rutio. 

45. Construct a triangle similar to a given triangle and equal in area 
to another given triangle. 

A tan*'cnt at a point P of a circle meets a chord AB, when produced, 

" . PA* TA 
at T; prove that pg, = 

47 ABC is a triangle such that AB AC - -BC ; D is a point in AC 
such tliat DBG = DAB ; find the ratio of the area-s of the triangles ABC. 

DBC. 



CHAPTER II. 

RATIO AND RECTANGLE PROPERTIES. 


THEOREM 5. 


Two triangles ABC, ABD have a common base AB; the line joining 


their vertices cute AB at X ; then 

aacb 

aadb 



CX 

DX' 


A 



Drop perpendiculars CH, DK to AB. 

AACB JAB.CH CH 
AADB"iAB. DK“DK 


CX 

= by similar trianglea. 


Q.E.D. 
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THEOREM 6. 

If AD is an altitude of the triangle ABC, and if R is the radius of 
the circumcircle then AB . AC =2R . AD. 

A 



K 

Fio. 10. 


Draw the diameter AK of the circumcircle ; join BK. 

The triangles ADC. ABK are similar, 

for ADC =90°= ABK. since AK is a diameter. 

ACD =AKB in same segment. 

AB^^ 

• • AK AC 

i. AB . AC =AK . AD =2R . AD. 


Q.E.D. 
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THEOREM 7. 


If P is any point on a chord AB of a circle, centre O, radius R. 
then AP. PB=R»-OP*. 



Join OP and produce it each way to cut the circle in E, F. 

Then AP.PB = EP.PF 

= (OE - OP)(OF + OP) =(R - OP)(R+ OP) 

= R*-OP*. Q.E.D, 

Note that the theorem still holds if P lies on AB produced. In 
this case, it may bo written PA . PB=OP* -R*. 



RATIO AND RECTANGLE PROPERTIES 
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THEOREM 8. 

If any straight lino is drawn cutting ll»ree concurrent lines OA. 
OB, OP at A, B, P, then 

AP _ AO sin AOP 
FB^BOainPOB' 



O 



Fio. IS. 


Draw PH, PK pcrpcndiruhxr to OA, OB. 

AP A APO _APH • AO _^0 sin AOP^AO AO sin AOP 
PB “"a'PBO ~iPK . BO P6 sin POB . BO BO mu BOP 

g.E. D. 

Noto the two cases. Fig. 12 and Fig. 13. 

The formula A = \hc sin A gives an easy proof. 


Dffuulion. . . 

Any lino cutting a system ol straight lines is called a transversal 

of tliosc lines. 

1 If in the triauRles ABC. XYZ. the ancles BAG. Y XZ are equal or 
■ AABC_AB^^C 

•upplementary, prove that ~ XY . XZ' 

2. In the trianj-'lcf, ABC PQR. 

ABC = PQR fti'd if ACB-f PRQ = 18W"» 

AC_/^ 

PR"Pft‘ 


prove that 
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3. O is any point inside the triangle ABC ; AO, BO, CO meet BC, 
CA, AP at P, Q, R ; prove that 

BP CO. AR , OP^OQ^OR_, 

pc*'qa’'rb"^* AP'*'BQ CR 

4. O IS any point on the line bisecting the angle BAC ; prove that 

ABAO BA 
ACAO AC' 

5. Find a point O inside the triangle ABC snch that 

A AOB : ABOC : ACOA=p : ff : r, 
where p, q, r are given constants. 

6. Points P, Q, R are taken on the sides 6C» CA, AB of the triangle 
ABC BO that BP : PC =CQ : QA=AR : RB = ^ ; prove that 

A PQR=1A ABC. 

7. Points P. Q, are taken on the sides BC, CA of the triangle ABC 
SO that BP = 2PC, CQ=:3QA ; AP meets BQ at O ; calculate ratio area 
POQC; A ABC. 

8. The diagonals AC, BO of a cyclic quadrilateral ABCO meet at O ; 

,, . AB. BC BO 

p~^“‘'“''adTdo=6d- 

9. Two circles touch internally at O ; a straight line ABCO cuts 
the outer at A, D and the inner at B, C : prove that 

AB:CD = OA. OB: OC. OD. 

10. If 0=40, 6 = 68, c=84, prove that R=42*5. 

11. P is a point on the circle circumscribing a quadrilateral ABCO ; 
perpendiculars PL, PM, PN, PR, PS, PT are lot fall to AB, BC, CD, 
DA, AC, BD ; prove that PL. PN = PM . PR = PS . PT. 

12. The tangents at the extremities of a chord AB of a circle meet 
at C. From a point P on the circle, perpendiculars PL, PM, PN are 
drawn to AB, BC, CA ; prove that PM . PN =PL*. 


13. OP, OQ, are two variable chords of a hxed circle. O is a fixed 
point; if OP . OQ is constant, find the envelope of PQ. 

14. P is any point on the circle circumscribing a hexagon ABCDEF; 
PL,, PL,, PLj, PL,, PLj, PL< are the perpendiculars from P to consecu¬ 
tive sides ; prove that PL,. PL,. PL, = PL^. PL|. PL^. 

What theorem is obtained by maung A, C, E emneide respectively 
with B, D, F ? 


15. Generalise Ex. 14 so os to obtain a theorem for a 2n.Bided figure 
inscribed in a circle. 


16. P, Q. R are any points on the sides BC, CA, AB of a triangle : O 
is any point inside the trianclo : AP', BQ', CR' are drawn parallel to 
OP, OQ. OR to meet BC, CA. AB at P', Q', R'; prove that 

OP . OQ . OR 
AP' BQ' CR'” 
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17 P is any point on AB ; the median AA' of the triangle ABC cute 

* ^ PH AP 

PC at H ; prove that 

18. P« Qt R are points on the sides BC. CA, AB of a triangle such that 

= = 1 -; AP meet QR at D : prove that RD=**. DQ. 

PC QA RB 

19 Use Theorem 8 to prove Menolaus* Theorem, that if a straiglit 
line meeU the sides BC. CA. AB of a triangle at L. M. N, then 

BL. CM . AN =CL. MA . NB. 


20 Two straight linos ABCD. nbrd cut four concurrent straight lines 
OAai OB6, OCc, OOd ; prove that 

^ ^ [Use Theorem 8.] 

BC ■ CD 6c fd ^ 

91 P O R are fixed points on the edges BC. CA, AB of a tetrahedrorj 
ABCD a variable plane ineeU the edges OA. DB. ^ 

the lines DP, DQ, DR at P'. Q.'. R'; prove that 

is constant. Generalise this result for any pyramid. 

22 D E are points on the sides AB. AC of a triangle ; Q is the mid- 
’ ‘ . BR AB.AE 

point of D E : AQ, meets BC at R ; prove that • 


23, Points P. Q, R are taken on BC. CA.AB. so that 

BP_C_Q,_AR _»«. 

PC “<iA ” RB n' 

prove that the area of the triangle PQ,R= , A. where A = area 

of triangle ABC- 
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THEOREM 9. 


A, B are two fixed points; P is a moving point such that 
constant; then the locus of P is a circle 


PA 

PB 


u 



Produce AP to Q. 


T .. PA , 

Let ^=A. 


Divide AB internally at H and externally at K in the ratio A. 

AH AP AK 

Since rq-g “ A =pg “ gj?* PH PK are the internal and externa) 


bisectors of APB. 


A HPK=i[APB + BPQ]=00®. 


P lies on the circle whose diameter is HK. Q.E.D. 

This circle is called the circle of Apollonim. 

For the oonveroo property, see the Corollary of Theorem 36, p. 08. 
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THEOREM 10. [Ptolemy's Theorem.] 

U ABCD is a cyclic quadrilateral, then 

AB . CD + BC . DA = AC . BD. 



Draw AH so that DAH = BAG. and h-t i^t nioct^BD at H. 

The triangles ADH. ABC are similar ; DAH = BAG and ADH = ACB 

. or AD.CB^AC.DH. 

DH CB 

Also the triangles ADC, A8H uie siii.ilar : ^ 

_ HBA and DAG = DAH -t HAG = BAG + HAG = BAH. 

. DC^HB aB.CD=AC.HB. 

•• CA BA 

* AB CD+AD.CB = AC . D H + AC . H B = AC(DH 4 H B) 

= AC.DB. Q.E.l). 


24 ABC ifl ft given trian-do; ronstnict ft point P such that 

PA : PB : PC =1 : 2 : 4. 

25 ABCD are four colline-ir points ; construct a point P at which 
AB. *BC, CD subtend e«iiial angles. 

26. Given the base, vertical angle and the ratio of the snies containing 

It, constrict the triangle. rst- j 

?7 AB is ft chord of ft circle perpendicular to a diameter DL and 
cutting it at H ; the tangent at A meets DE at T ; prove that 

TE_TD 
EH Hb* 
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28. A. B are two fixed pointa ; AP, BQ are parallel chords of a Tariabla 

AP 

circle, such that =7:^ is constant; prove that the locus of P is a circle. 

Bti 

29. Find the locus of a point at which two given circles subtend equal 
angles. 

30. (i) With the notation of Theorem 9, describe the change in 
magnitude and position of the circle of Apollonius as X increases from 
0 to I and then increases without limit. 

(ii) If D is the mid-point of AB and if X is the centre of the circle of 

Apollonius, prove that (a) XP = j^y^AB ; (6) DX = j^, DB ; (c) the 

length of the tangent from D to the circle of Apollonius is independent 
of X. 


31. A, B, C are three fixed collinear points ; a straight lino AP revolves 
about A. and P is a point on it such that BP, CP are equally inclined to 
AP : prove that the locus of P is a circle through A. 

32. If two figures are similar, find a point O such that b^ a rigid 
rotation about O, one of the figures can be made homothotio to the 
other. 


33. The internal and external bisectors of a triangle are drawn and 
form intercepts on the opposite sides. The three circles are described 
which have these intercepts as diameters ; prove that they have two 
common points. 


34. P is a point on the minor arc BC of the circumcircie of an equi¬ 
lateral triangle ABC ; prove that PA = PB PC. 

35. In the triangle ABC, AB=AC : the altitude AD of the triangle 
u.eets the circumcircie at P ; prove that AP . BC=2AB . BP. 


36. P is a point on the minor arc AB of the circumcircie of the square 


37. P is a poiDt on the minor arc AB of the circumcircie of the regular 
pentagon ABODE; prove that 

38. P is a point on the minor arc AB of the circumcircie of the regular 
hexagon ABCDEF ; prove that PE-i- PD = PA+ PB + PC -i- PF. 

39. If the quadrilateral ABCD is not cyclic, prove that 

AD . CB-f AB . CD > AC . DB. 

[Draw AH and DH so that DAH BAG and ADH =ACB.] 

40. P is a point on the minor arc AB of the circuincirvle of the regular 
pentagon ABODE ; prove that PA -f- PB-t- PD = PC + PE. 

41. P is a point inside a parallelogram ABCD, such that 

APB-fCPD = 180® ; 

AP . CP +-BP . DP=AB . BC. 


prove that 



CHAPTER HI. 

PROPERTIES OF THE TRIANGLE. 


iJotation, ^ 

It is convenient to denote particular pointe connected with the 

triangle ABC by definite letters. 

The following notation will be adopted in this chapter: 

o, b, c denote the lengths of BC, CA, AB. 
s = J(a + 6 + c); ^ = area of triangle ABC. 

A', B', C' are the mid-points of BC, CA. AB. 

D, E, F are the feet of the perpendiculars from A. B, C to BC. 
CA, AB. 

I is the m*centr6« 
r is the radius of the in-circle. 

Ii» lit Ii are the centres of the circles escribed to BC, CA, AB. 

^i» ^it ^be radii of these circles. 

O is the circumcentrc. 

R is the radius of the circumcircle. 

H is the ortbocentre. 

Q is the centroid. 

N is the nine-point centre. . . ad 

X Y Z are the pointe of contact of the in-circle with BC. CA, AO. 

x’,. Yi, Zi are the pointe of contact of the ex-circlc. centre I,, 

with BC, CA, AB, and similarly for X,, Y,, Z, and X,, Y„ Z,. 


theorem 11 . 

The perpendicular bisectem of the sides of a triangle are con- 
current, and their jwint of intersection is equidistant from the 

vertices of the triangle. 
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The proof of this theorem is omitted, as it forms part of every 
elementary course. 

The point of intersectioc O is called the drcumcenirt^ since it is 
the centre of the circle circumscribing the triangle. 

THEOREM 12. 

The altitudes of a triangle are concurrent. 

R 


P 

Fio. 16 . 

Let ABC be the trianple and AD, BE, CF its altitudes. 

Through A, B, C draw lines parallel to BC, CA, AB to form the 
triangle PQ,R. 

Since RBCA is a parallelogram, RA = BC. 

Since ABCQ is a parallelogram, AQ.= BC. 

RA=AQ. 

Since RQ is parallel to BC, AD is perpendicular to RQ. 

AD is the perpendicular bisector of RQ,. 

Similarly, BE, CF are the perpendicular bisectors of RP, PQ. 

AD, BE, CF are concurrent. [Th. 11.] Q.E.D. 

The point H, at which the altitudes concur, is called the orthoccnlrt 
of the triangle: and the triangle DEF is called the pedal iriangU 
of the triangle ABC. 

The line joining a vertex of a triangle to the mid-point of the 
op{>03ite aide is called a media?* of the triangle. 
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2) 


THEOREM 13. 

The three medians of a triangle are concurrent: and the point ol 
Lnterbcction is a point of triaection of each median. 


A 



Let the medians AA% BB' of the riianglc ABC intersect at a 
Since CA' = iCB and CB' = 1CA. 

A'B'is parallel to AB and A'B' = iAB. 
the triangles A'GB', AGB arc similar. 


•• GA AB * 


or A'G^AGA. 


A G = iA A. 

♦ BB' cuts AA' at the point of trisection of AA' nearest to A . 
simUarly the median CC' cuts AA' at this same i>oint. Q.E.D. 

The point at which the medians concur is called the wa/roid o( 
the triangle. ^ 

1. Prove that BOA' —BAC. 

2 If ABCD is a parallelogram, prove that the circamcontrca of e 

triangles ABC. ADC are e<}uidistant from AC- . . d 

3 ■ L is a point in iho base BC of an isosceles tnanplo ABC : P. U 
are the circumcentres of iho triangles ABL, ACL: pro\ o that PL 

parallel to AQ. , . ^ d 

4. Find a point P such that the feet of the pen'^-ndiculars from P 
to the sides of a triangle are the angular pomts of an oqutlateral tnantie. 

5. Provo that the peqwndicular bisector of EF bisects BC. 

6. If A. 8.C are tbn« collincar points and K any ot her 

the circumcentree oi the triangles KAB, KBC» KCA are ccucyc 

it 
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7. The diagonalB AC, BD of a quadrilateral ABCD meet at K { 
prove that the eircumcentree of the trianglea KAB, KBC, KCD, KDA 
are the verticea of a parallelogram. 

8 . P> R are anypomtBontheaidea BC.CA.AB of atriaogle; prove 

that the circumcirclea of the trianglea AQR, BRP, CPQ are concurrent. 

9. The extremities of a straight line BC of constant length elide on 

two fixed lines AB, AC ; find the locus of the circumcentre of the trianele 
ABC. ® 


10. Two equivalent triangles ABC, XYZ are inscribed in the same 
circle; prove that AB. BC. CA = XY. YZ.ZX. 

11. Prove that AHE=ACB. 

12. Prove that the triangles AEF, ABC are similar. 

13. Prove that the triangles BDF, EDC are similar. 

14. Prove that AH. HD = BH. HE. 

15. Prove that AF. AB =AH . AD. 

16. Prove that FDA = EDA. 

17. Provo that FDE = 180®-2BAQ. 

18. Prove that BHC + BAC = 180* or BHC=BAC, 

19. If S is the orthocentre of the triangle PQ,R, prove that P is the 
orthocentre of the triangle QRS. 

A ^variable triangle 
ABC, .ind the locua of the orthocentre, and construct its position when 
A 18 very close to B. 


21. DP, DQ are the perpendiculars from 0 to AC, AB ; prove that 
C, P Q. B are concyclio and that BPD =CQD. 

,??• that the circumcentre of the triangle ABC is the orthocentie 

of the tnangle ABC* 

Three equal circles have a common point: prove that it is the 
orthocentre of the tnangle formed by the other intersections. 

24. Prove that OB is perpendicular to FD. 

** ? point on the base BC of an isosceles triangle ABC * K L 
are the orthocentres of the triangles APB, APC. Pro% that PKL is 
an isosceles tnangle. « i i>»_ — 

26. If FB = FE, prove that AE = BD. 


27. Through the verticea of a triangle are drawn six equal line* 

terminated by tno opposite sides; prove that their mid-pointa are all 
^ludiBtant from the orthocentre. ^ 

28. If AQ ia produced to K ao that AQ = GK. prove that BK=Ca 

r given (i) the lengths of the three medianai 

(u) the lengths of one side and two medians. 


30. If AQasBC* prove that BGC=90\ 



PROPERTIES OF THE TRIANGLE 


23 


31. If B'C' meeta AA' at P, calculate the ratio 

32. Prove that the area of the triangle whose sides are equal to AA', 
BB', CC' equals 

33. In a tetrahedron ABCD. the plane angles at each of three comers 
add up to 180°. prove that the opposite edges arc equal. [Cut down 
the edges AB, AC, AD and fold it out Hat. Maiheuialtcal 

^ A A 

34. If K is the mid'point of EF, prove that KAC =A'AB. 

35 ALMS, APQC are the squares described externally on the sides 
AB. AC of the triangle ABC ; prove that the median KA of the triangle 
LAP is perpendicular to BC. 

THEOREM 14. 

The internal bisectors of a triangle are concurrent; and each is 
concurrent with the external bisectors of the other two angles. 
The four points so obtained are each equidistant from the sides of 
the triangle and are the centres of the inscribed circle and the three 
escribed circles of the triangle. 


I2 


1 , 

PlO. 18. 

The proof of this theorem is omitted as it forms part of every 
elementary course. 

The four poinU I. Ip I„ I, are called the in-cenire and ex-ceniru 
of the triangle. 

Notice that I is the orthocentre of the triangle T,I,I». 
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THEOREM 15. 

% 

The in-circle of the triangle ABC touches BC, CA, AB at X, Y, 2 
and the circle escribed to BC touches BC» CA, AB at Xy Yi, Zu 
then (i) A2=AY=s-o; 


(u) AZi=AY,=s; 
(iii) BXi=CX. 



(i) 2«=a + B+c=a+(AY+YC)+(AZ+2B) 

=a + AY + XC+AY + BX 
=o + 2AY + BC =2o + 2AY. 

AY=s-a. 

(ii) 2AZi=AZ,+AYj=AB + BZi+AC+CYi 

= AB + BX, +AC + XiC=AB +AC + BC=2«. 

AZi-ss. 

(ui) BXj==BZi=AZ,-AB=5 -c=XC. 


Q.E.IX 


PROrEP.TIES OF THE TRIANGLE 


THEOREM 16. 

A ^ 

With tfce usual notatioD, r = - and 



Fio. 20. 

(I) A = triangle IBC + triangle ICA + triangle lAB 
= 4IX . BC +iIY . CA + 412 . A8 
= Jr . a + Jr . 6 + ir . c = ir(a + 6 4 c) 

= 4r(2.'<)=r*. ^ 

(ii) A = triangle I lA B + triangle I,AC - triangle I, BC 

. A8 + iIiYi. AC - XI . BC 
= \r^(c+b - a) = Jrj(c + + a - 2a) = Jr,(2a - 2a) 

= r,(«-a). ^ 


Q.E.D 


88. Prove that (i) YY, =ZZi=a: 

(ii) XX,=e^b; 

(iii) Z,Z,=a46. 
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37. From any point inside a regular polygon, perpendioolara an 
drawn to the sides of the polygon, prove that ^e sum of their lengths 
is constant. 

38. Prove that the ares of the qnadniateral IjYAZ is equal to A. 

A 

39. D BAC =60**, prove that O, H, Z, Ij, B, C lie on a circle. 

A 

40. Prove that lAO is half the difference of the angles ABC, ACB. 

41. M is the foot of the perpendicular from C to AI; prove that the 
angles BCM, ACM are respectively equal to half the ^fference and sum 
of the angles ACB, ABC. 

42. Prove that BIC=90*+JA. 

43. Prove that the circum-rsdius of the triangle AYZ=iAI. 

44. P. Q are the feet of the perpendicnlars from X, Y to YZ, ZX» 
prove that PQ is parallel to AB. 

45. Given the base and vertical angle of a triangle, find the locos of 
the in-centre. 

A 

46. If ACB =00% prove that 2r=a+b -c and that r^^s. 

47. The in-circle of the triangle ABC touches the sides at A}, Bj, C|; 
the in-circle of AtBiCj touches the sides at A^, B,, Cg and so on ; prove 

that B„A„C„=60“+(-2)*-"[BAC-60*]. 

48. If P> Q, R are the ciroumcentres of the triangles BIC, CIA, lAB, 
prove that QPR=90*-iA. 

49. A variable line XY cuts two fixed lines AB, CD at X, Y; the 
lines bisecting the angles AXY, CYX meet at P ; find the locus of P. 

50. Prove that H is the in-centre of the pedal triangle of ABC. Where 
are its ex-centres T 

61. K, L are the feet of the perpendiculars from A to BI, Cl: prove 
that KL is parallel to BC. 

52. From a given point, draw a line so as to form with two given lines 
a triangle of given perimeter. 

53. K is the circuracentro of the triangle IiLJ„ prove that KI, is 
perpendicular to BC. 

64. Two sides of a triangle of given perimeter are given in position, 
find the envelope of the third side. 

55. If ABC =90% prove that AY . YC=A. 

56. If the circle BIC cuts AB, AC again at M, N, prove that MN 
touches the in-circle. 


57. AD is an altitude of the triangle ABC. right-angled at A. *. y, x 
are the m-radii of the triangles ADC, ADB, ABC ; prove that **+y*=»* 

58. ABCD is a quadrilateral circumscribing a circle, prove that the 
In-oircles of the triangles ABC, ADC touch each other. 
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THEOREM 17. 

With the usual notation, if P, Q, R the mid-pointa of HA, HB, 
HC. then the nine pointa A', B', C', D, E, F, P, Q. R lie on a circle 
whose radius equals (R. 

A 



Since AP = PH and AC'=C'B, C'P is parallel to BH. 

Since BC'=C'A and BA'=A'C, Z. A'C' is parallel to AC. 

But BH is perpendicular to AC. C'P is perpendicular to A'C'. 

A'C'P=00®. 

Similarly A'B'P=90"; butA'DP=90“. 

the circle on A'P as diameter passes through B', C', D. 

/, D and P lie on the circle A'B'C'. 

Similarly E, Q and F, R lie on the circle A'B'C'. 

the nine points A', B', C', D, E, F, P, Q, R lie on a circle. 

Moreover each side of the triangle A'B'C' is half the corresponding 
side of the triangle ABC and the radius of the circle A'B'C 
equals jR. Q.E.D. 

The circle which passes through these nine points is called the 
niTie-point circle and its centre N is called the nine-p<nnt centre. 
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THEOREBI 18. 

The circnmceDtre, centroid, orthocentre and nine^point centre 
of a triangle lie on a straight line (called the Euler line of the triangle). 



A' D 

FlO. 22. 


Let O, G be circumcentre and centroid. 

Produce OG to H so that OG = iGH. We shall prove that H is 
the orthocentre. 

Join AH and produce it to meet BC at D. 


Since 


A'n i/^A A'G OG 
AQ = JGA, 


.*. AH is parallel to OA'« 

But OA' is perpendicular to BC. 

AH is perpendicular to BC. 

Similarly CH is perpendicular to AB. 

.’. H is the orthocentre. 

Again, since A'O and DH are perpendicular to BC, the perpendi¬ 
cular bisector of A'D bisects OH. 

Similarly, the perpendicular bisector of CT bisects OH, 

But A'D and C'F are chords of the nine-point circle, 

.'. the mid-point of OH is the centre of the nine-point circle* 

Q.E.D. 
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The following dixluctione should be* noted : 

(1). Since OG = JGH and ON=NH. it /ollotcs that 

OG : GN : NH =2: 1 ; 3. 



From the similar triangles OGA', HGA, 


OA'^A'G^l 
AH “ GA “2’ 


Therefore 


AH =20A'. 


(3). Since =f, G and H are the centres of similitude oj 

GN NH 1 

the circumcirclc and niive^point circle. 


59* If P the mid'point of AH, prove that A'PC' —A'B‘C^ 

60. Prove that the radius of the cirvumcircle of the [>cdal triangle 
equals ^R. 

61. Prove that the triangles ABC, HBC have the same nine-point 
circle. 

A 

62. If P is the mid-point of A H, prove that FPC' e<)uals the difference 
of the angles BAC» ABC. 

63. X’rove that I,Iq is bisected by the ctrcum-circlc of the triangle ABC 

64. If Pf Q., R are the mid points of HA, HB, HC, prove that AT, 
B'Q, C'R are concurrent. 

66. Prove that the tangent to the nine-point circle at the in id-point 
of the base is paralUtl to the tangent to the in-circle from the point at 
which the bisoctor of the vertical angle iiiecLs the hose. 

66. Prove that the nine-point circle of tbo triangle AB C' touches the 
tiiDO |)oint circle of the triangle A'B'C'. 

67. Given the Imse and vertical angle of a triangle ABC, prove that 
tbo locus of N is a circle, centre A'. 


68. Prove that the radius of tbo circlo IIiLj is equal to 2R. 


2A 


69. Prove that the perimeter of the pedal triangle is erpial to ; 

n 

70. Provo that the area of the triangle IiL^I^ is equal to 2R#. 

71* Prove that if OA', OB', OC' are jilaccd end to eii<l on the circum¬ 
ference of the nine-{)oint circlo, they will just dll half of it. 


72, If P is the iriid-point of A H, prove that ATD = AC B ABC. 

73. If L is the mid-point of EF, prove that A'L passi*s through N. 


A 

74. If BAC=^>fl*, prove that the Euler lino forms with AB. AC an 
aquilatorai triangle. 

75. Prove that AH*-e6C*^‘l AO*. 

76. If BAC = 45®, prove that EF bisc-cU OH- 

77. If P is the mid-point of AH, prove that AT is perpendicular to EF. 
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78. Prove that NA' i« parallel to OA. 

79. If DQ is produced to meet the circumcircle at Q, prove that OQ 
is parallel to ND. 

80. The extremities of a straight line PQ of constant length move oo 
two fixed lines AB, AC ; prove that the locas of the orthocentre of APQ 
is a circle, centre A. 

81. Given A, N H construct the triangle ABC. 

82. Prove that HA' meeta the circumcircle at the end P of the diameter 
through A of the circumcircle. 

83. If DG is produced to meet the circumcircle at Q, prove that 
QAD = 90*. 

84. If P is the mid-point of A H and if PG meeta the oironmoircle at 
Q., prove that PA' is parallel to AQ. 

85. If P, Q. R are the reflections of the circumcentro in the sides BC» 
CA, AB of the triangle ABC» prove that AP, BQ, CR are concurrent. 


THEOREM 19. 

in the triangle ABC, AI bisects the angle OAH. 



Q 

Fio. 23. 


Let AI meet the circumcircle in Q. 

A A 

Since BAQ=CAQ, arcBQ=arcQC. 

•• OQ is perpendicular to BC and parallel to AH. 

A A 

,*. HAI=IQO, alternate angles 

A 

— OAl, since OQ = OA radiL 


Q.E.D. 
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THEOREM 20. 

If the altitude AD meeU the circumcircle of the triangle ABC 
at P. and if H ia the orthocentre, then H D = D P. 



Join CP and draw the altitude CHF. 

PCD = PAB in the same segment 

A ^ 

= 90®-DBA, Bince ADB=90® 

= BCF, Bince BFC=90®. 

A the triangles HOC. PDC are congruent, for HCD=PCD just 

proved and HDC =90° = PDC. 

A hD=DP. 


Q.E.D. 
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THEOREM 21. 

H la tbe in-ceatie of the pedal triangle OEF of the triangle ABO. 

A 



BFH =00® = BDH ; BFHD I'a a cyclic quadnlateiaL 

FDH=FBH=ABE 
= 90® - BAG. 

Similarly EDH =ECH =ACF=90° - BAa 

FDH=EDH. 

HD bisects FDE. 

Similarlj HE bisects DEF. 

H is the in-centro of the triancle DEF. Q.E.IX 


Notice that, since the triangles AEF, ABC arc similar, 


EF AF 


EF =a cos A. 


86. If BE. CF are altitudes of the triangle ABC, prove that tbs 
triangles AEF, ABC are similar. 

87. If Q,R is the diameter of the circumcircle of the triangle ABC 
perpendicular to 6C. prove that AQ, AR are the two bisectors of tbs 
angle BAG. 

88. If AQ is a flinincter of the circumcircle of the triangle ABC, prors 
that HQ bisef’ta BC. 

89. Prove that AD. HD = BD. Da 
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90. Prove that the circumcircles of the triangles ABC. HBC are 
equal. 

91. AD, BE. CF meet the circaracirclo of ABC at P, Q. R ; prove 
that H is the in-centre of PQ,R. 

92. BE, CF meet the circumcirole of the triangle ABC at Q, R : 
prove that A ia the centre of the circle HQR- 

93. Prove that the circumcircles of the triangles HCA. HAQ are 
equal. 

94. P, Q, R are the circumcentros of the triangles HBC, HCA. HAS; 
prove that the triangles PQR. ABC are congruent im<l that H is the 
oircumcentre of PQR. 

95 ABCD ia a evclic quadrilateral ; H. K are the orthocentres of the 
triangles ABC, ABO ; prove that A. B. H. K are concyclic. 

96. If BE. CF meet the circumcirclo of ABC at Q, R. prove thul A 
is the mid-point of the arc Q,R. 

97 BC is a fixed chonl of a circle and P a variable point on the cir¬ 
cumference ; BE. CF are altitudes of the triangle BPC ; prove that 
EF is of constant length. 

98. Prove that A is an ex-centre of the triangle OEF. 

99. Prove that FD . OE = BD . DC. 

100 If CO meets the circiiincjrrie at P, prove that PBHA is a 
parallelogram and deiluco that AH =20A'. 

101, Prove that OAI = jfC — B). 

ion Prove that the radius of the in-oirole of the triangle BDF =r cos B 
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THEOREM 22 , 

U AUi meets the oiroumcircle of the triangle ABC at P» theo 

PI = PB=PC = PIj. 


» ' x' 



t / 

\ f / 

I ^ ' 

f 

' ' / 

\ * / 

\ h 

'f 


I, 


I'XO. 2S. 


I is the orthocentre of the triangle Iiltit and ABC la the pedal 
triangle of lililf 

the circumcircle of ABC is the nine*point circle of 

P is the mid-point of Hi- 

A A 

But since IBI^ =90° =ICI,, the circle on Hj as diameter (whose 
centre is P) passes through B, C. 

PI = PIi = PB=Pa 


Q.E.D. 
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THEOREM 23. 

With the usual aotation, OI* = R* - 2Rr. 

Q 



Produce AI to meet the circumcircle at P ; produce PO to meet 
the circumcircle at Q ; draw IZ perpendicular to AB. 

Then R* - OI* = AI. IP fTh. 7.] 

= AI.PB. (Th. 22.] 


But 


AI = IZ cosec 2 =r cosec 


A 

2 ’ 


and PB = PQain ^ = 2R sin g* 

A A 

since BQP = BAP=^* 

R»-01 * =r cosec J . 2R sin ^ =2R. r. 

OI* = R* -2R . r. 


By the same method it can be proved (bat 

0I,* = R*+2R . r,. 

[OIj* -R* =OIi* - OP* =I,P . liA = PB . I,A=2R . r,.] 


Q.E.D. 
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103. If the internal bisector of the angle BAC meets the eirenmolrcle 
of the triangle ABC at P, and if N are the feet of the perpendiculars 
from P to AB, AC, prove that 

AM=AN=4(AB + AC) and BM =CN =i(AB--AC). 

104. In the triangle ABC, BAC ia fixed in magnitude and position and 
AB+AC is constant, prove that the locus of the mid-point of BC is a 
straight line. 

105. P ie the mid-point of the minor arc BC of the circumcircle of 
ABC : the circle on AR as diameter meets AB at S, prove that the 
tangent from S to the in-circle equals }BC. 

A B 

106. If All cuts the circle ABC at P, prove that PCXi= 

107. AI. Bl, CX are produced to meet the circle ABC at P, Q, R; 
prove that I is the orthocontre of PQR. 

108. If the circle BIC cuts AC at P, prove that AP = AB. 

109. Prove that the circumcircle of the triangle formed by any three 
of the four common tangents to two circles passes through the mid-point 
of the lino joining their centres. 

110. IjO is produced to K BO that IjO = OK ; prove that XK = 20A. 

111. A fixed circle X passes through the centre of another fixed circle 
Y. A variable triangle circumscribes Y and has two of its vertices on 
X, prove that the locus of the third vertex is a straight line. 

112. A variable triangle circumscribes a fixed circle; if its ciroom- 
radius is constant, find tbo locus of its circumcentre. 

113. Prove that the ratio of the squares of the tangents from I| and 

to the circomcirclo equals ^1, 

114. The perpendicular at I to XO meets the in-circle at K, K'; prove 
that the perimeter of the triangle OKK' equals the diameter of the 
circumcircle. 

115. A circle ir drawn to touch Ol at I and to touch the circumcircle; 
prove that it is e<iual to the in-circle. 

116. if the circumcircle meets an ex-oircle at P. and if the tangent* 
at P to the two circles are at right angles, prove that the radius of the 
ex-circle equals the diameter of the circiuncircle. 



CHAPTER IV. 

CONCURRENCY AND COLLINEARITY. 


Definition. 

Two segmeDts AB, PQ. of the same or parallel Unea are said to have 
the same sefise or opposite senses [or aro soiueliincs called Lie or 
unlike] according as the displacemeuts A-^B and P-► Q are in 
the same or opposite directions. 

In Coordinate (Jeometrj* it is essential to take account of the 
sense of a line; if lengths measured in one sense along a bno utp 
taken as positive, then lengths measured in the opposite sense along 
that line are taken as negative. 

geometrical theorems can be enunciated in a more general 
form, if this conventional connection between sign and sense is 
observed. 

Thus AB - “ BA or AB + BA =0. 

This is equivalent to staling that the addition of a displacement, 
from A to B and a displacement from B to A is zero, 

A___D_P 

A_ P B 

PA B 

no. 

If A, B, P are three points in any order on a straight line, then 

ABs=AP+Pa 

If A, B, P*, Pt, are points in any order on a straight hnc\ 

then 

(i) AB^APj+ PjP, + ...+P,,B ; (ii) AP, + P^Pt+ ••• + BA 

D.M.O. 37 
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If A» By O are points in any order on a straight line, then 

A8=0B-0A. 

1. Draw any finite straight line AB and produce it each way; mark 

AP 

roughly on it positions of P, such that ^ equal 1, -2, -1. De> 

PB 

AP 

scribe the changes in the value of the ratio as P moves on the nn> 

PB 

limited line, and prove that this ratio can never have the same value 
for two different positions of P. 

It appears from Blx. 1, that if z is any real number, positive or 
negative, excluding - I, there is one and only one position of 

AP 

P on the line AB for which ^ =z. And as the distance of P from 

PB 

AP 

A or B increases, the ratio ^ approaches the value -> 1, and can be 

PB 

made to differ from -1 by a quantity less than any assigned quan¬ 
tity, however small, by increasing sufficiently the distance of P 
from A. 

If *= -1, there is no possible ^nt/e position for P. To preserve 
continuity, we shall therefore suppose there is one and only one 

position of P on the line AB for which = = -1 and we shall call 

PB 

this point, the poirU at infinity on the line AB and fiball denote it by 
the symbol oo. 

Such a point is an ideal point, it is really only a convenient way 
of expressing in geometrical language an analytical idea. Further 
discussion of this subject will be foimd in Chapter I., Plane Otomeiry, 
Part II. 

Various relations exist connecting the lengths of segments of a 
line ; one of the most important is the following : 

If A, B, C, D are any four collinear points, then 

AB.CD + BC. AD-^CA. BD =0. 

Such relations may easily be proved by taking an origin O on the 
line smd expressing the length of each segment in terms of the 
distances of its extremities from O. 

Thus AB=OB-OA. BC =OC - OB, etc. 
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2. C is the mid-point of AB, P U any other point on the line AB, 

prove that __ 

(I) PC = i(PA-fPB); (2) AP. BP-^CB» = CP*; 

(3) AP*+BP*=2AC*-^2CP•. 

3. AB is divided at C so that BA . BC = AC*; prove that 

AB»-AC*=AB. AC. 

4. AB is bisected at C and produced to D ; prove that 

AC. AD=CB. BO-h2BC*. 

5. A, B, C, D are collinear; P, Q are the mid-pointe of AB. CD ; 
prove that PQ = 4(AD + BC). 

6. P is any point on the line ABC : prove that 

PA*. BC + PB*. CA-J-PC*. AB + BC . CA. AB = 0. 

7. Prove the result of Ex. 6 when P does not lie on the line ABC. 

8. O is a point on the line AjA^AjA* such that 

GA,GA,-t-GA, 4-GA« = 0 ; 

if P is any other point on the line, prove that 2PA=4PQ. 

9. With the notation and condition of Ex. 8, prove that 

2PA*-ZGA* = 4PG*. 

Generalise this for n collinear points, and prove that the result stiU holds 
when P does not Ue on the straight line. 



40 


MODERN GEOMETRY 


THEOREM 24. [Gera's Theorem.] 

Three concurrent Btraight lines are drawn through the rertices 
A, B, C of a triangle ABC to meet the opposite sides at D, E, F* 
respcctiyely; then 

BD CE AF . , 

DC ■ EA ‘ FB” 


A 



Let the throe lines concur at O. 

If O lies inside the triangle ABC (Fig. ^9), each of the three ratios 
is positiyo; and if O lice outside the triangle (Fig. 30), one ratio 
is positive and the other two are negative. 

in either case, the product of the three ratios is positive. 

By Theorem 5, 


bd_aboa ce^aboc af_acoa. 
dc“ acoa’ ea aboa’ F'B ABOC’ 

. BD CE AF_ 

•• DC ■ EA ■ FB“ 


Q.E.D. 


Corollary. 

If D, E, F are points on 6C, CA, AB, such that 


BD CE AF 
DC ■ EA ■ FB 


then AD, BE, CF are concurrent. 

fThis is easily proved by a ‘ reductio ad absurdum ’ method.] 
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10. If, in Fig. 29, BD = iDC. CE = iCA, calculate 

(1)^05 (2) AAOB: ABOC: ACOA; (3)^^. 

r B AL/ 

11 Points D, E, F are taken on tlie eides BC. CA. AQ of a triangle 

•o that BD = iBC. CE = |CA, AF = |AB ; prove that AD. BE, CF arr 

concurrent. 

12. In the trianiilo ABC, BC is produced to 0 so that BC=CD. 
CA is produced to E so that CA = A£ ; if AD meets BE at O and if OC 

0 p 

mecta AB at F» calculate • 

13. Uee Ceva’fl theorem to prove that 

( 1 ) the medians of a trianple are concurrent; 

( 2 ) the internal bisectors of the anj^les of a triangle are concurrent; 

(3) the altitudes of a triangle are voncurrout. 

[Note that ^£=^ 3 - • Bindlar triangles.) 

14. If th© in-circlo of a triangle ABC touches BC, CA, AD at X. Y, Z. 
prove that AX, BY, CZ are concurrent. 

15. In Fig. 29, prove that = 1- 

AF AE AO 

16. Id Fig. 29, prove that p§ + eq = OD' 

17. Prove that Ceva’s test for concurrency ran l>© written as 

sin BAD rinCBE £ilfACF_j 
sin DAC * sin EBA ’ ein FC 8 

18. If, in Fig. 29, EF is parallel to BC, prove that BD = DC. 

19. If, in Fig. 29. the circle DEF cuts BC. CA. AB again at 0' 
prove that AD', BE', CF' are concurrent. 

20. If, in Fig. 20, lines are drawn throuuh the ieii»l-|'oinf 3 of BC, CA, 
AB parallel to AD, BE. CF, prove that they are connim-nt. 

21. If, in Fig. 29, P, Q. R are the iiiid i)Oint 8 of EF. FO. DE. prove 
that AP, BQ, CR are concurrent. 

22. If. in Fig. 29, P. Q. R are points on EF. FD. DE. 8 u< h that DP. 
EQ. FR are concurrent, prove that AP, BQ. CR are concurrent. 

23. A triangle ABC isinscrihed in a triangle XYZ and is < ircumscnhcd 
•bout a triangle PQR : the order of the letters round the tnanglin is 
ARBPCQA and XCYAZBX. If AP. BQ. CR arc < oncurrent. and 
AX. BY. CZ are concurrent, prove that PX. QY. RZ arecon. urrent. 

24. AP, BQ. CR are three concum-nt lin <-3 iTueting the oppo.Mte eid.^ 
of the triangle ABC at P. Q. R ; F. G. H, A'. B . C are the ^ 
of AP, BQ. CR, BC, CA, AB ; prove that A'F, B G. C H are cone urn nt. 

25. A circle is drawn with centre I. the in centre of ABC I’*''; 

pendicularw from I to BC. CA. AB meet this circle at L. M. N , pro 
thftt AL, BM, CN are coDcurreat. 


E\ f\ 
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THEOREM 25. [Menelaus’ Theorem.] 

If a tranaveresl meete the sides BC, CA, AB of a tiiacgle at D, £» F 


respectively, thea 


BP CE ^ 

DC ‘ EA * FB 


A 



Fxo. 31. 


The transversal cuts either one side (Fig. 31) or three sides (Ilg. 32) 
of the triangle externally; and therefore either one or three of the 



Fio. 32. 


ratios ^ are negative, and therefore their product is 

negative in each case. 

From A, B, C drop perpendicnlars to the tranaveisal, and let pv 
Pv Pt their lengths. 

Then, by similar triangles (Pig. 31), 


BD p, CE__p, AF _Pi 
DC“ EA”^x* FB“p/ 


. BD CE ^ _ 
•• DC* EA* FB 


Q.E.D. 



CONCURRENCY AND COLUNEARITY 


43 


CoToUary. 

If D, E, F are poinU on the sides BC, CA, AB of a triangle, such 

that • £f • = -1, then D, E, F are collinear. 

DC EA FB 

This may be easily proved by a ‘ reductio ad absurdum * method. 


26. If, in Fig. 31, BC = 2CD. CA = 3CE. calculate 

27. B', C' are the mid-points of the sides AC, AB of the trianple ABC. 

A R 

Q is the mid^poiot of » BQ meeta AC at R. Calculate pQ* 


28. If.inFig. 31, BE, CF are the internal bisoc tore of the anglee ABC, 

ACB, prove that AD is the external bisector of BAC. 

29. Prove that the points at which tho external bisectors of the 
angles of a triangle meet the opposite sides are collinear. 

30. H is a point inside the triancle ABC; pro%-c that the external 
bisectors of the angles AHB, BHC, CHA meet AB, BC. CA re9j)ectively 
at three collinear points. 

31. Points Q, R are taken on the sides CA. AB of a triangle, such 

that = ~ =*; QR and CB produced meet at D; prove that 
QA R B 
CO=ifc». BD. 

32. A circle S, touches externally each of two circles T,. T,. 

A, B, at E, F ; another circle Sa touches externally Ti, T, at Q. R ; 
prove that AB, EF, QR are concurrent. 

33. G is the centroid of the triangle ABC ; AG is prodmed to P so 
that GP=AG. Parallels through P to CA, AB. BC meet BC. CA, AtJ 
at L, M, N ; prer© that L, M. N arc collinear. 

34. The tangents to the circumcircle of a triangle ABC at the vertices 
A. B. C meet the opposite sides at L, M, N. Prove that L, M, N are 
eoUioear. 

DI 0A^ 

[Prove that = 

, BD BK 

85. If.inFig. 29, EF meets BC at K, prove that = 

BD BK 

36. If, in Fig. 30, EF meets CB at K, prove that 


37. If. in Fig. 29, EF, FD. DE meet BC, CA. AB at L. M. N. prove 
that L, M, N are collinear. 


38, Four points a, 6, c, d are taken on the siilea AB. BC. CD, DA of 

quadrilateral, 
intersect on AC. 


a quadrilateral, such that ^ ^ ^ ’ ^A ~ ^ ^ 
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39. If ft straight line cuts the sides AB, BC. CD, DA of a qoadrilateral 
at P. Q. R, S, prove that pg ■ gg ' RD ' 

40. fhe in-circle of the triangle ABC touches BC, CA, AB at X, Y, Z; 

B X BK 

YZ U produced to meet BC at K; prove that ^ 7 ; = 

AO Ot\ 


41. A straight line meets the aides BC, CA. AB of a triangle at P, Q, R; 
A', 6 ', C' are the mid-points of these sides; AP, BQ,. CR meet B'C', 
C'A', A'B' at P', Q.', R'; prove that P', Q,'. R' are coUinear. 

42. Throe planes AOB, BOC, COA intersect at O. Prove that the 
plane through the bisectors of the angles AOB, BOC cuts the plane 
COA in a lino bisecting the angle COA externally. 

43 . If one of the transverse common tangents of two circles is perpen¬ 
dicular to one of the direct common tangents, prove that the eight points 
of contact lie on two straight lines. 


44 . [Dksarodes’ THEORf m] ABC, A'B'C' are two triangles, such that 
AA', BB'. CC' meet at O ; prove that if BC, B'C' meet at L: CA, C'A' 
at M : AB, A'B' at N : then L, M, N are collinear. 


an bl cm 

[P™”' NB • LC • MA 


= -1, by considering the transversals LB'C'i 


MC'A', NA'B' applied to the triangles OBC, OCA, OAB.] 


45. [Pascal’s Theorem] ABCDEF is any hexagon Inscribed in a 
circle : AB. DE meet at L ; BC, EF at M ; CD, FA at N ; prove that 
L, M, N are collinear. 


[Produce AB, CD, EF to fonn a triangle XYZ, and prove that LMN 
is a transversal of XYZ by considering BC, DE, FA fts transversals 
of XYZ.J 
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THEOREM 26. 

P, Q, R are points on the sides BC. CA, AB of a tnangle, such 
that the perpendiculars to the sides at these points are concurrent; 
tiien BP» + CQ* + AR* = PC* + QA* + RB‘. 


A 



Let the perpendiculars at P, Q, R meet at S. 

Join SA, SB, SC. 

BP* -PC*={3P*+ PS*) -(PC* + PS*) = BS* - SC*. 
Similarly CQ* - QA* =CS* - SA* and AR* - RB* = AS* - SB*, 
by addition. BP* - PC* +CQ* - QA* + AR* - RB* =0. 

BP* + CQ* +AR* = PC* + QA* + RB*. Q.E.P. 

Corollary. 

If P. Q. R are points on the sides BC. CA. AB of n triangle, such 
that QP*+CQ*+AR>=PC*+QA*+RB*, then the perpendiculars 
P» R to the ttidca are concurrent. 

Thia may be easily proved by a ‘ reductio ad abburduui uielho^L 
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THEOREM 27. [Simson’a Line.] 

K P is any point on the circumcirclo of tihe triangle ABC, and U 
L, M, N are the feet of the perpendiculars from P to BC, CA, AB, 
then U N are coUinear 



Join LN, LM, PB. PC. 

Since PNB=90“ = PLB, PLNB is a cyclic quadrilateraL 
Since PLC =90“ = PMC, PLCM is a cyclic quadrilateraL 

A A 

PLM =PCM, since P, U C, M are concycliOt 

A 

= PBA, since P, C, A, B are concyclio, 

= 180“ - PLN, since P, L, N, B are concyclia 
PLM+PLN=180“. 

MLN is a straight line. Q.E.D. 

Oorollary 

If the feet of the perpendiculars from a point P to the sides of a 
triangle ABC are coUinear, then P lies on the circumcircle of ABC. 

[PBA = PBN = 180“ - PLN = PLM = PCM = 180“ - PCA.] 
Definition. 

The line LMN in Theorem 27 U called the Simaon Line or the 
pedai line of P w.r.t the triangle ABC. 
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46. Um Theorem 20 to prove that the altitudes of a triangle are 
concurrent. 

47. With the usual notation, prove that the perpendiculars from I|, 
la. 1, to BC, CA, AB are concurrent. 

48. AD, BE, CF are the altitudes of the triancle ABC : prove that the 
perpendiculard from A» B» C to EF» FD, DE are concurrent. 

49. L. M. N are the feet of the perpendiculars from a point K to the 
sides BC, CA, AB of a triangle; prove that the perpendiculars from A, 
B, C to MN, NL, LM are concurrent. 

50. Each of three circles touches the other two; prove that the common 
tangents at the points of contact are concurrent. 

51. P, Q. R are the feet of the pery’endiculars from a point S to the 
sides BC, CA, AB of a triangle ; A', B', C' are the mid-po»nts of these 
■ides ; prove that A'P . BC + B'Q.. CA + C'R . AB =0. 

52. X, Y. Z are the feet of the perpendiculars from the vertices 
A, B, C of a triangle to any straight line ; prove that the pcri>endiculars 
from X. Y, Z to BC, CA, AB are concurrent. 

63. ABC. XYZ are two triangles such that the perpendiculars from 
A, B, C to YZ, ZX. XY are concurrent; prove that the iM 3 n>«ndicular 8 
from X, Y, Z to BC, CA, AB are concurrent. 

54 If the pedal line of P is parallel to AO, prove that PA is parallel 
to BC. 

55. Prove that the pedal line of the point at which AD cuts the circum- 
oircle is parallel to the tangent at A to the circumcircle. 

56. In Fig. 34, prove that the triangles PLN, PAC are similar. 

57. With the usual notation, prove that the foot of the j)on‘pndic ulars 
from A' to EF, FO> DE ^re collinear. 

58. The perpendiculars from a point P on the ciri urncircle of the 
triangle ABC to BC, CA, AB cut the circle again at X. Y, Z ; pro^ e timi 
ABC, XYZ are congruent triangles. 

69. KL is a diameter of the circumcircle of the triangle ABC ; prove 
that the pedal lines of K and L intersect at right angles on the nine, 
point circle [use the result of Xo. 07J. 

60. P is a point on the circle circumscrihing a quadrihiteral ABCD ; 
If AB is parallel to CO. prove that the feet of the iierpendiculars Iroin 
P to AC, AO, BC, BD aro conoyelic. 

61. The altitudes AD. BE. CF meet the circumcircle of ABC at P, 
Q. R ; prove that the p^ai of A w.r.t. PQR is parallel to BC. 

62. P, Q aro any two points on the circumcircle of the triangle ABC 
*nd O is its circumcentre : prove that the angle between the pedal 

of P and Q equals iPOQ. 
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63. If, in Theorem 27, PL, PM, PN are drawn so that 

PNB = PLB = PMC, 
prove that L, M, N are collinear. 

64. Prove that the circamclrclea of the four triangles formed by fool 
straight lines have a common point. 

65. With the notation of Theorem 27, prove that 

PL.MN PM.NL PN.LM 
BC ' CA AB ' 

66 . With the notation and figure of Theorem 27, prove that 

BC CA AB 
PL "PM'^PN’ 

67. If H is the orthocentre of the triangle ABC, prove that the oedal 
line of P bisects PH. 

68 . With the notation of Theorem 27, if PK ie the perpendiouiar from 
P to MN, prove that PM . PN =PA . PK. 

69. A t hord PQ of the circunicircle of the triangle ABC is parallel to 
BC ; prove that the pedal lino of P is j>erpeQdicular to AQ. 

70. ABC is an e<^uilateral triangle inscribed in a circle, centre O; 
P is any point on the oircumference; prove that the pedal line of P 
bisects OP 


CHAPTER V. 

VECTOR GEOMETRY AND STATICAL APPLICATIONS. 


Certain quantities, such as volocitic:^, forces, etc., are not completely 
defined by their numerical magnitude, but involve furtlicT the idea 
of direction. Such ([tiantities can be roj>rciicnto<l pcoinetrically by 
a straight lino of definite length, drawn in a dofinilo direction, and 
arc called vector giuiiitilies or Victors. 

A system of equal and parallel straight lines all represent Iho 
same vector. Thus, a velocity of 20 feet per second in a <lin‘ttion 
N, 30^ E. IB a vector quantity, and could be repreaenU'd by any one 
of a Series of equal parallel straight lines. Suppose AB is oiu* of 
these lines, then the vector AB represents this velocity, rwi.] will ho 
denoted by the symbol AB in order to avoid confusion betwcc*n the 
two ideas, the length of AB and the vector AB. 

In order to apply analysis to vector quantities, it is necessary to 
decide, to start with, Avhat meanings are to be given to tlie |uo(‘ess 
of addition (or subtraction) and multiplication (or diviMon). 

Suppose a particle receives su^'ccssivcly two displace*nu*nt^ repre¬ 
sented in magnitude and direction by AD and BC, the final result is 
the aamo as would be the case if it received a single dinpl.icc nient 
represented by AC. 

By extending the meaning of the word ad^llfion. we niay mv that 
the result of a<lding the two displaceraents AB ami BC the single 
displacement AC, 

Dejinitioru 

The result of addiiig two vectors AB and BC togetl*er is defined 
to be the vector AC ; or AB + BC = AC, 

49 
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This is a definition of wliat is meant by addition. 

It does not state that the length of AB + the length of BC equals 
the length of AC, which is untrue unless A, B, C are collinear points ; 
but that the result of adding two quantities, represented in magni> 
tude and direction by AB and BC, is a quantity represented in 
magnitude and direction by AC. 

It is now necessary to show that, with this definition, yectors 
obey the fundamental laws of Algebra, as regards addition; namely 

(1) ^ + BC=BC + AB; 

(2) (^ + AC) + ^=AB+{AC+AD^). 

C 


A 

Fio S5. 

Complete the parallelogram ABCP. 

By definition, AB + BC =AC =AP+PC. 

But AP = BC and 

AB + BC = ^ + ^. Q.E.D. 

It is important to note that the sum of two veotors AB and AP 
is the vector represented by the diagonal through A of the completed 
parallelogram PABC. 

In Fig. 35, AB+AP=^. 

In order to prove (2), complete the parallelograms BACP, DAPQ, 
so that AQ represents the left-hand side : then complete the parallelo¬ 
gram DACR and show that AQ=AB-{-^. 

The process of subtraction may be deduced from that of additioiL 

For ^-(-BA=AA=0; AB=-BA. 

And ^-CB=^-|-BC=AC. 
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THEOREM 2S. 

(1) If D ia the mid-point of the base BC of a triangle ABC, then 

(2) If D is a poiot on the base BC of a triangle ABC* such that 
A.BD=^.DC, then X.^ + /x.^=(X+/i)^. 


A 



(1) is simply a special (although important) case of (2), deduced 
by putting X =/*. It is therefore only necessary to prove (2). 

^=^+DB and ^=sAD+DC. 
X.A'B+/i.^=(X + /i).^ + X.DB+/i.DC. 

But X^B+/*DC=0, for the senses of DB and DC are opposite 
and X. BD = /i. DC. 

X.^+/x.^ = (X+;/).^. Q.E.D. 

Now, from elementarj’ statics, if X . BO —fi . DC, it follows that D 
is the centre of gravity of masses X at B and fx at C. 

Theorem 28 (2) can therefore be re-written as follows: 

If Q is the centre of gravity of masses mi, m, at A,, A„ and if 

O is any point, _ _ _ 

nil • OA, + m,. OA, = (m, +m,). OG. 

This result can be readily generalised : 

If Q is the centre of gravity of any number of masses m„ m„... m, 

at A„ A,.... A„, and if O is any point, _ 

m,. OA, + m,. OA, + ... +m„. OA„ =(mi + m, +... + m„). OQ. 

In the particular case when the masses are all equal, we have 

OG = “ (GAi + OAi -t-... + OA^), 

where Q is the centre of gravity of equal masses at Aj, A^,... A*. 
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This point ia also called the mean cenlrt or centroid of the system 
of points Ai, At> ••• A„‘ 

It is proved in elementary statics that the centre of gravity of a 
triangular lamina ABC coincides with the mean centre of the points 
A, B, C. This is not trne in the case of a quadrilatoraL 

As bas been already pointed out, forces are included under the 
category of vector quantities. 

Consequently the vector theorem pven above can be stated as 
follows: 

If a system of forces, acting at a point O, is represented com¬ 
pletely by mx - OAi. m,. OA„ ... m„. OA„. and if G is the centroid 
of masses m„ m„ ... at A,. A,.... A„, then the resultant of the 
system ia a single force represented completely by 

(mj -t-m, -f... +m„). OG. 

A similar theorem holds for velocities, couples and all other vector 
quantities. 

L If PG«^(PAx + PAt+.-.+P^K 

and if Q H = ^ (QAi + QA$ + ••• + 


prove that G coincides with H. 

2, If A% B', C' axe the mid-points of BC, CA, AB. prove that th* 
mean centre of A', B', C' coincides with the mean centre of A, B, C. 

3^ Prove that the mean centre of the points A. B. C. D is at the 
mid-point of the line joining the mid-points of AB and CD. Hence 
prove that the lines joining the mid-points of opposite sides of a quadri¬ 
lateral and joining ^e mid-points of the diagonals axe ooncurrent and 
bisect each other. 


4^ If G is the moan centre of ABC, prove thot GA + GB •¥ GC =0. 

5 If Ai, B,, C,. D, are the centroids of BCD, CDA, DAB. ABC, 
prove that AAj, EBp CC„ DD^ ere concurrent (at G say) and that 
AG=3GA,. 

6 , If A, B, C, D, E, F are the mid-points of consecutive sides of s 
hexagon, prove that the triangles ACE, BDF have the same centroid. 

7. Points P, Q, R are taken on the sides BC, CA, AB of a triangle, 

such that ► prove that the triangles ABC, PQR have ths 

tame centroid. 
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8 . The sides AB, AC of a triangle are divided at P. Q. so that 

the parallelograms APRC.ABSQ are drawn ; prove that PS 

and QR are each parallel to the median throtigh A of the triangle ABC. 

O'l Oc , 

9. a, 6» c are points on OA* OB, OC, such that 

A'. B', C' are the mid-points of BC. CA. AB ; prove that the lines aA', 

68 ', cC' concur at a point P given by OP = j-^^,(OA -»■ OB + OC). 

10. (1) O is the centre of a circle A,A,Aj of unit radi'is : another e«iual 
circle, centre ai. is drawn through Aj and A^; prove that 

Oa^ “ OAj + OAj. 

If, further, two other circles of unit radius, centres o,, a,, are drawn 
through A,. A,, and A,. A*, prove that the p<^ts a,^a,. a, he on a circle 

of unit radius (centre /3, say). [Show that 0,-J« = OA, + OA, + OAj ] 

(2) If four points A,. A,. A,. A, lie on a circle of unit r.vlius. and if from 
every set of three points a circle is constructed as in (1). prove that the 
centres 0,. fit of tliese_four cirvlcs lie on a_cir' lj^of unit radius 

(centre Yj say). [Show that Oyj = OA, + OA^j + OAj + OA, ] 

(3) If fivo’points A,. A,. A,, A,. Aj lie on a circle of unit radius, and if 
from every four points a circle of unit radius is con.str'icti'<i in (- , 
prove that the centres 7 ,. 71 . 7i. "Ts of thc-e five circles ho on a circle 
of unit radius (centre 3, say) : and so on indefinitely. 

11. Prove that the lines joinini; the mid points of opposite edijos of a 
tetralnt<lron concur and l>isc<-t each other, the point of intersection being 
tlie (iiean centre of the vertices of the U*trah<'dron. 

12. Prove that the linos joining the vcrti< e.s of a tetrahedron to the 
centroids of the opposite faces arc c-onciirrcnt and that the point of 
intersection divides each line in the ratio 3 : 1. 

13 If ABCD is a tetrahedron, and if P. Q. R. S are the centroids of 
the faces BCD. CDA. DAO. ABC. prove that 

(i) ABCD and PQRS have tin- .=a uo ii,<-an centres, 

(ii) PQ, is par.alici to AB and PQ = jAB. 

14 If X Y. Z. W are the mid points of (he oiIl’cs AB. BC. CD. OA 
of a tetrahedron ABCD, prove that the totrahedra ABCD. XYZW liavc 
the MTue liicaD rcnirc. 


VECTOR MULTIPLICATION. 

If OA rcprcseiiUs a unit of length measured in a positive sense 
along the axis Oj-, ami if OP represents k units of length. Die ratio 

equals k. The (wsilion of P depends on the scale chosen, but 


D.M..0 


C 
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the ratio — ia a pore number (positive or negative) and doea not 
OA 

depend on the scale. If then we wish to avoid specifying the unit 
of length employed, whether inches or cms. or yards, etc., it ia 
necessary to work with ratios ; and when, for example, the product 

OP. OQ, is introduced, it is really an abbreviation for ^ ^ • 

Given a unit length OA on the i-axis and any real number k, 

OP 

it 13 possible to find a point P on Ox, such th&t = fc; snd for 
^ OA 


any point P on OA, the ratio £S represents a real number, positive 


or negative. 


OA 


If P is a point outside Ox, we shall extend the f/waniny of number 

OP 

and sav that the ratio = is a complex number. 

OA _ 

A OP 

If OP=r unita of length and AOP = d radians, — will also be 
denoted by (r, 6). 

It follows that every positive real number can be denoted by 
(r, 0) end every negative real number by (r, it), where r is a real 
positive numbers and that the numbers (r, 0), (r, ^w), (r, 47r), etc., 
are equivalent. 

Again, take two perpendicular axes Ox, Oy. If the coordinates 

OP 

of P are x, y, the number = will be denoted by [x, y], using square 


brackets. 


OA 


Or, more generally, if the projections of PO on Ox, Oy are A, i, 


PQ 

the number = will be denoted by [A, A]. 

OA 

It follows at once from a figure _ _ 

(1) that the definition of vector addition OP + PQ. = Oft is 

equivalent to [x, y] + [A, A] = [x + A, y + A] ; 

(2) that if [x„yj=[x„ yj, then x,=x, and yi=y» for the 

vectors are represented by equal and parallel straight 
lines. 

So far, no meaning h as been attached to the process of multipli* 
sation of vector quantities. 
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CoQBider the following arithmetical BtatemenU : 

(i) (2.0) X (3,0)= 2 x 3= 6=(e.O); 

(ii) (2, n-) X (3, 0) = - 2 X 3=-6=(6,7r); 

(iii) (2, 0) x(3,7r)= 2 x -3 = -6 ={6 , t) ; 

(iv) (2, jt) X (3, 7 r)=- 2x -3= 6 =(6, 0) =(6, 2jr). 

These show that, in the case of rccd numbers, the law of multi 

plication may be stated in the form 

(ri, ^i) X(r„ ^,)=(r,r,. + 

In the case of complex numbers, wo shall define mxiltxpliexition by 
the above relation and use it to discover what properties this in¬ 
volves. 


GRAPHICAL CONSTRUenON FOR (r^, $^) x (r^ tf,). 

R 



Let (r.. 9.)=^. O* repre«nte e unit 

length along Ojt. 

On OP» construct a triangle OP,R directly similar to OAP^ 

and AOR = AOPi + PjOR = AOPi + AOP, = 0, + 9,- 

g2=f^, AOR)=(r,r„ ^i+0,)=(r^ d,)x(r„^,). 

Q.RD 
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This construction may be stated as foUows: in order to multiply 

QPi ^,y the line OP, is revolved about O through an angle 

OA OA Qp^ 

AOP, and is stretched in the ratio * 

By means of similar triangles, using the above construction, it is 
easy to show that complex numbers, as defined above, obey the 
fundamental laws of Algebra, as regards multipUcation, namely 

(i) (r„ 0i) 0t) =(»'*. 

(u) {{r„ $,) 6^)) x(ra. 0,) =(r,. 0,) U*".. ^i) ’<(’'>• 

(iii) (r„ }+(>',. 0,)l=(»-i. + ^i) 


INTERPRETATION OF — «(r, y]. 

OA 



o r-i A 

no. 38. 


By definition, ^1. —(1* 

^1, may therefore be called the square root of 

denoted by “J - I or ». 

p'rom P draw PN perpendicular to Ox, 

OP = ON_+NP ^ON ^ NP ^^ r |\ 
OA DA OA \ X / 


> 1. and is 


OA 


+y(l. 2)=^+y-* 


= r cos ^-hr sin $ . i— r(cos 0+i sin 0). 
(r, d)=r(cos 0 + »sin and [x, y]=a:+»y' 


Then 
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DEMOIVRE’S THEOREM. 

If n is any positive inU-ger, then 

1C03 d-^-i sin Oy* =co3 n 5 + i sin n^. 

(1, 0r=(l, 0) x(l, d) *••• to ” factors 

= (1, nO) by the law of mulliplicatioo. 

(cos 0 +1 sin 0)" =co3 n^ +» sin nd. Q.E.D. 

This theorem may be extended to the case in which n is any real 
number. 

For a more detailed discuasion, of complex number, the reader 
is referred to Ilnrdya Pure Alaihctrutlics, Ch. III. 


15. From the identity (1. «) x (1, deduce that cos»d + 6 in»^ = l, 

ikn<l so prove Pytlia;^ora 3 ' tlicoreni. 

16. From the identity (I, x ( 1 , ^>) = ( 1. ^ + ^). deduce the espiiiiBion# 
of Bin {$ + and 0025 -r 4>). 

17. From (1* 3fl)* deduce the expansionn of j»in3d and coaStf. 

18. Verify geometrically that (!♦ ^) + (I, “^) = 2coa^. 

19. Verify geometrically that (1»0)+^1, 

20. Verify geometrically the following ; 

(i) (1. 0) + (i, fl) = ^2co8^. Q: 

(ii) <(i+<)=-i+f« 

(iii) (1 -<)*= - 2 f. 

21. Prove that (1, is one cube root of (1, 0), and find the other two 

cube roots. ' *''' 

22. Find the throe cube roots of (I, v) ; represent them praphicaMy 5 
and compare them with the roots of + 1 = {x + l)(x* - x + 1 ) = 0 . 

23. Find the three cube roots of • and of ^, 2 '^ 

24. AD is a mcdiai^of the triangle ABC ; interpret trigonometrically 
the relation AO =i(AB -f AC). 
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26. If AD i# a median of the triangle ABC, prove that 

AB*+AC* =2AD*+2D B*. 

27. If ABCD is a plane quadrilateral, prove tha t 

AC. BO =AB. CD + BC. AD. 

AC. BD<AB.CD + BC. AD. 

28. If X, ^ "o real num^is, tha^+M+r=0, if A, B, 
are pointa, auch that X. OA+;i. OB+f. OC=0, prove that A, B, C 
are collinear. 


If Q is the centre of gravity of masses mi, m,,... m„ situated at 
A„ Ai,... A„» whose coordinates are (* 1 , yi), (*i» Ut)* tfn)* 

and if (i, y) are the coordinates of G, the th^cm _ 

(mi+m, + ...+m„)^=m,.^i+m,.OA,+.„+m„.OA, 

oan be written 

(mi+mi+...+w»n)(®+‘y) ^ / • \ 

sm|(Xi +*Vi) +”»»(*•+*Vt) +••• 

QP (mi + ...+m„)i=TniXi +...+m„x„ 

(mi +...+m„)y =mii/i +... 

The centre of gravity is therefore determined by the equations 

_ 2mx _ 2my 
* ~ 2m ’ ^ 2m * 

These results also foUow of course from taking momento about 
Oy and Ox for the system. 
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THEOREM 29. 

11 O is the centre of gravity of masses mj, m*, m, at A, 6, C, then 

mi m* _ m, 

AOBC“ AOCA AOAB’ 



Draw OP, AD perpendicular to BC. 

Regard BC as the z-axis. 

m|. AD +mj. O . O m|. AD 
m, +m, + m. 


OP = 


i. 


mi 

OP 




m. 


AD 


or 


m 


m, + m, + m* 

m 1 + m, + m 


iOP.BC iAD.BC 


AOBC 




Q.E.D. 


In the following examples, PQ denotes the force represented in 
magnitude and position by PQ. 


29. If Q is the mean centre of A,, A,.... A... and if H is the mean centre 
of B,, B„ ... B«, and if all the points are collinear, prove that 

2£AB = mn. GH. 

30. If Q ie the meon centre of A,, A*. ... A„. and if H is the mean centre 
of B,, B„ ... and if all the points are collinear, prove that 

ZA,.Br = n . G H. 

31. Determine the masses to be placed at A, B, C in order that their 
centroid may be (1) the incentre, (2) the orthocentre, (3) the ciroum- 
centre, (4) the excentre opposite to A. 

32. A , B , C are the mid points of BC, CA. AB ; prove that 
PA. PB, Pc. A"P, B^P. CTP are in oquiUbrinm. 
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33. If ABCD IB » parallelogram, prove that PA, PC. BP, DP are In 
equilibrium. 

34 O, N are the circnmcentre , niae-po int centre of the triangle ABC; 
prove that the resultant of NA. NB, NC lies along the same line as the 

resultant of OA, OB. OC- 


35 Forces P, Q, R. S act along AB, BC, CD, DA and are in equili- 

P. R Q. S 


brium ; proyo th^t 


AB. CD BC - DA 


36. Find the point P inside the quadrilateral ABCD. such that 

PA, PB. PC, PD are in equilibrium. _ _ _ _ 

37 By considering the resultant of the forces PA, PB, PC, PD, 1”^^® 
that'tho straight lines joining the mid-points of oppo-sito edges of the 
tetrahedron ABCD arc concurrent and bisect each other. 


38. If ABCD is a qaadrilateral. and if f. AB, m. BC, «• CD, f • DA 
are in equilibrium, prove that ln = mr. 

39. ABCD is a quadrilateral: AD meets BC_al_E; ^B meets DC 
at F • prove that the resultant of the forces AB, AD, CB, CD passes 
tbroucU the mid points of AC, BD, EF, so proving these points are 


colliaear. 


40. AiA,... A, and 8,8, ... B„ are two polygons ; find the resultant 
of all the forces A,B,. 

41. Find a point P in the plane of the triangle ABC, such that the 
following sets of forces are in equilibrium ; 


(1) o. PA 6. PB, e. PC. 

(2) a . ^ P's. c . C^ _ 

(3) sin 2A . PA, sin 2B . PB. sin 2C . PC. 

42. Three forces P, Q, R act along the edges AB, AC, AD of a tetra¬ 
hedron ; if their resultant is parallel to the face BCD, prove that 

P Q _n 

AB'^AC'^AD ■ 

43. ABCD is a tetrahedron ; I,, Ij. Ij, I4 ore the incentres of the 
faces opposite to A, B, C, D : if Alp BI3 intersect, prove that 


(1) AD . BC=AC . BD. 

(2) CI3 and DI* also intersect, 

and if AD . BC=AC . BD=AB . CD, prove that AIi, BI„ Cl,, DI4 a« 
concurrent. 


44. Three forces P, Q, R act along the sides BC, CA, AB of the triangle 
ABC ; if their resultant is along IG, prove that 

P ; Q ; R = a(6 -e) : 6(c -o): c(a -6). 
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THEOREM 30. [Apollonius’ Theorem.] 

(1) If D is the mid point of the base BC of a triangle ABC, then 

AB*+AC» = 2AD*+2BD*. 

(2) If D is a point on the base BC of a triangle ABC, such that 
m . BD =n . DC, then 

m. AB*+n. AC* = (m+n)AD* + m . DB»+n . DC*, 


A 



(1) Let ADB=t>; ADC = lSO*-0. 

/, AB* ^AO* + D8* - 2AO . DB cos $ .(i) 

fcnd AC*= AD* + DC*+2AD . DC cos . (ii) 

by addition, since BD=DC, 

AB* +AC* = 2AD* +2BD*. Q.E.D. 


(2) Multiply (i) by M and (u) by n, and add. Since m.BD=n DC, 
V). AB* +n . AC* = (m +n)AD* +m . DB* n . DC*. 

Q.E.D. 
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THEOREM SI. 

Q ifl the tneen centre of the n points Aj* At» ••• A^ > if P is Anj 
other point, then 

2 PAr* - 2 GA,-* =« • PQ*» 

rsl r^l 

•A, 



Join PQ: let Oi, o„ o, ... be the feet of the perpendicuiars from 
A|, Ati A 5 ,... to PG. 

Taking G as the origin and PG as the z-azia, 

- (Goi +Ga, + ... +Go„) =z coordiDato of Q=0. 

fl 

.*. 2Qar=0. 

r*M 

PA,*-GA,‘=(Pni* ; '».A,«)-(Goi«+axAi*) 

= (PG+G./t)‘-Ga,* 

= PG» +2PQ. Gfli. 

2PA,*-2GA,»=n PG*+2PQ.2Qar 

=n . PG*. Q.B.D. 


THEOREM 82. 

II Q is the centroid of masses m„ m„ ... at the n points A,, 
A„ ... A„, and if P is any other point, tnen 

2 m, . PK* - 2 nv • GA,* =(m, +m, +... +m„). PG*. 

This is proved in exactly the same way as Theorem 31. 

Note that Theorem 30 (1) and (2) are special cases of Theorems 

31, 32. 

45 . Calculate the length of the shortest median of a triangle whose 
sides are 8 orna.. 9 oms., 10 oms. 
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46. Calculate the length of a side of a triangle, whoso medians arc ol 
lengths z, y, x. 

47. The median AA' of the triangle ABC is a mean proportional 
between AB, AC ; prove that a=^2{b~c). 

48 Prove that three times the sum of the squares of the sides of a 
triangle equals four times the sum of the squares of the medians. 

49 If ABCD is a parallelogram, prove that 

AC* + BD* = 2AB*+2BC*. 

50. P. Q ere the mid points of the diagonals AC, BD of the quadri¬ 
lateral ABCD ; prove that 

AB» + BC*+CD* + DA*=AC*+BD*+4Pa*- 

61 If the sum of the squares of each pair of opposite edges of a tetra¬ 
hedron is the same, prove that the lines joining the mid-points of opposite 
edges are equal. 

52, ABCD is a rectangle, and P any point in space; prove that 

PA«4.PC» = PB*+PD*. 


53 B is a fixed point. A is the centre of a fixed circle ; prove that the 
locus of the mid points of chords which subtend a right angle at B is a 
circle who.io centre is the mid-point of AB. 

54. The base BC of the triangle ABC is trisected at X, Y ; prove that 

AB*-fAC*=AX*+AY* + 4XY». 


55 B is a fixed point : A is the centre of a fixed circle : PQ is a 
variable chord parallel to AB ; prove that BP* + BQ» is conaUnt. 

56 AP. BQ., CR are the taiiscnts from three of the vertices of the 
rectangle ABCD to a given circle; if AP* + CR* = BQ,*, prove that D 

lies OD the circle. ^ • 

57 Squares are deacri\>od externally on the eides of a triancl<^ ftud their 
adiw^ent comers are joined ; prove that the sum of the squares on the 
joining lines is equal to three tunes the sum of the squares on the sides 
of the triangle. 

58. In the triangle ABC. AB =8. AC =5|. BC =9 ; D is a point on BC, 
pich that BD =4 ; prove that AD =5J. 

69 A point D divides the base BC of the triangle ABC in the ratio 
X • AD is produced to meet the circumcircle at E; prove that 

M . AB* + X . AC* + M AD - AE. 

What doe* this theorem become if AO (1) is a median, (2) bisects BAC T 
60. ABC 18 an equilateral triangle, AB is produced to D. so that 
BD AB ; P is any point, such that DP = DC ; prove that 

X. AP* + AB» = (X-fl)BP*. 


61. If AO bisects BAC and meets BC at D. prove that 

62 ABC Is a sivsn trisDule; find the position of a point P, rocb that 
PA* i PB* 4- PC* has its least valoe. 



64 


MODERN GEOMETRY 


63. A> B, C are fixed points; P is a ▼ariable point, such that 

PA* + 2PB» + 3PC* 

is constant; prove that the locus of P is a circle. 

64. If N, H are the nine-point centre and ortbocentre of the triangle 
ABC, prove that N is the mean centre of A, 8, C, H. 

65. With the usual notation for the trianccle ABC, prove that 

(1) AN* + BN* + CN* + 9GN*=30A». 

(2) AH*+BH*+CH*=30A* + 0H*. 

66. A6CD is a square; P is a variable point, such that 

PA* + PB* + PC* + PD* = 3AB*; 
prove that the locos of P is a circle whose radius equals JAB. 

67. P is a point on the circumcirole of the equilateral triangle ABC; 
prove that PA* + PB* + PC* = 2AB*. 

68. Q •* mean centre of n points Aj. A*,... A- j P, Q ore any two 
points; prove that S(PAr* -QAr*)="(PG*-QG*). 

69. A regular pentagon is inscribed In a circle, centre O; 

prove that A|At*+AiA»*—fiA|0*. 

70. AiAj... A„ is a regular polygon inscribed in a circle, centre O; 
P is a point on the circumference, Q is any other point; prove that 

(1) 2PA,.»=2n. PO\ 

(2) 2QAr*=n(PO»+QO*), 

(3) 22A,A‘=n‘. PO*. 

71. Prove that. If regular figures of 6, 6, lU sides are inscribed in a 
circle, the square on a side of the pentagon is equal to the sum of the 
squares on a side of each of the other two figures. 

72. AjA,... A„ and B,B,.., are regular polygons inscribed in 
circles, centres C, D : prove that 

22A,.B.» =n*(AxC* + BjD* + CD*). 

73. ABC is a triangle ; find the position of P for which 

BC. PA* + CA. PB*+AB. PC» 

has its least value. 

74. G is the centroid of masses I, m, n at A. B, C ; GT is the tangent 
from G to the oircuntcircle of the triancrlo ABC ; prove that 

/. PA*+m. PB*+». PC* = (l+m + n)(PG*-QT»). 

[It is supposed that a negative mass may exist.] 

75. If A, B, C are fixed points and P varies, so that 

X. PA*+m. PB* + v. PC*=0. 

prove that the locus of P is a circle cutting the circle ABC at right angles 

76. AiA|... A„ is a regular polygon inscribed in a circle, centre O: 
from any point P, |>ei 7 tcndiculars PN|, PNg,... are drawn to OAi, OAt*... { 
prove that 2PN|* = 20N,*. 

77. A, B, C are any fixed points, P is a variable point, such that 
PA* - 3PB* -♦-2PC* is constant; find the locus of P. 

Consider also the special case where A, B, C are coUinear and AB =2BC. 
78 Discuss what modification is required in Theorem 32, if 2m^=:0. 



CHAPTER VI. 

H.4RM0NIC RANGES AND PENCILS. 


Definition. 

A straight lino AB is flivicled internally at C and externally at D 

in the same ratio [i.e. *6 is said to Le divided 

harmonically at C and D ; and the points ACBD are said to form 
a harmonic ran ye, 

C and D are railed hirmonie conjugates with respect to A and B. 
The range ACBO is denoted by {ACBD} or {AB ; CD). 


THEOREM 33. 


(1) If C. D divide AB harmonically, then A, B divide CD harmoni¬ 
cally. 

(2) If O in the mid point of AB, then 00* =OC . OD. 

A-^ 

Fi'i i'l. 


. AC AD 

(1) Since (ACBD) is Imrinoine. 


CB _ AC _ _CA 
00“AD~ AO' 


ratio. 


CD is divided internally at B and extcnmlly at A in the same 

Q.E.D 


AC AO . AC-^CB_AD + Bp 
CB"bO’ " AC -CB ' AD BD' 

65 


(2) Sinoe 
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But 


AC+CB=AB=20B. 

AC - C B = (AO + OC) - (OB - OC) =200. 
AD+BD=(AO + OD)+(OD -0B)=20D, 
AD -BD=AB=20B. 


20B 20D 
20C"20B 


OB*=OC.OD. 


Q.RD. 


Corollary. 

If O i8 the mid-point of A B. and if C, D are pointa on AB, such that 
OB» = OC . OD, then {ACBD} is harmonic. 

This follows by reversing the order of the steps in (2), 


THEOREM 34. 

If four concurrent lines are such that one transversal is cot by 

them harmonically, then every transversal will be cut harmonically 

by the four lines. , 

A 



Let a lino ACBD cut the four lines OA, OC, OB, OD, such that 
^ACBD} is harmonic. 

Let any other line cut the four lines at A% C , B', D'. 

It is required to prove that {A'C'B'DO is harmonic. 
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6'7 


By Theorum 8, 

AC OA flinAOC ^ AD _OA em AOD 
CB”^ ■ sin COB BD OB sin BCD' 

_ AC AD . ein AOC _sin AOD 

CB“BD’ ■' ain~COB 'sin BOD' 

A'C' OA' ein A'OC' , A'D' OA' eiii A'OD' 
C^'"^ ■ SH^OB' B'D'"OB' ■ ein B OD'’ 

But Bin AOC =Bin A'OC', etc., 

these angles being equal or eupplemcntiiry; 

A'C'_A'D', 

•• C'B' B'D'’ 

{A'C'B'D'} ie barmonio. Q.E.D. 

Definition. 

Four concurrent lines which cut one (and everj-) traneversal 
in a harmonic range are said to form a hannouic ptticil: and the 
point of concurrency of the four lines is called the verU-x of 
the pencil; each of the lines OA. OC. OB. OD are called rays of 
the pened : OC, OD are called conjugate rays w.r.t. OA, OB. The 

pencil is represented by 0{ACBD} or 0(AB; CDJ. 

It should bo noted that the condition that a pencil is harmonic 
oao be expressed in the form 

ain AOC . sm BO^ _ I 
ein COB • sin AOD 



69 


MODERN GEOMETRY 


THEOREU 35. 

(1) If 0{ACBD} is harmonic, and if a line through B parallel to 
OA cuts OC, OD at P, Q, then PB = B(i. 

(2) If OfACBD) is harmonic, and if AOB=00®, then AO, BO 
are the bisectors of the angle COD. 

O 



(1) Since AO is parallel to PQ. 


Since AO is parallel to BQ. 


Uut 


AC ^AD . 
CB BD • 


AC _A^ 

CB “PB‘ 

AD _AO 
BD ~ BQ* 

PB = BQ. 


Q.E.D. 


(2) Draw PBQ parallel to AO, cutting OC, OD at P, Q. 

A A 


OBQ = BOA =90®, by piirallela. 
Also PB = BQ from (I). 

/, the triangles OBP, OBQ are congruent. 

A 


OB bisects POQ. 


A 

But OA is perpendicular to 03 ; OA bisects POQ externally. 

Q.E.D. 

CorolUirt/. 

If {ACBD} is harmonic, and if P is any point on the circle on 


PA 


CD as diameter, then —- is constant and equal to 


AC 

CB* 


For, by (2), PC an<l PO bisect APB. 

This IS the converse of Theorem 9 [Apollonius’ Circle]. 
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It should be noted that Theorem 35 (1) is really a special caae 
of Theorem 34. for the Une QBP cuU OA at infinity, and {QBP« } is 
therefore a harmonic range, where co denotes the point at mfinity 


on Q,P (see page 38). 

Q.B 

BP“^ 


or QB = BP. 


1, If (ACBD) is harmonic, prove that AC, AB, AD ate io harmonieal 
progression. 


2. If {AB : CD) 

.. 2PB PC 
prove that. -^- 3=^:5 


is harmonic, and if P is any other point on AD, 

PO 
+ • 


3 . If (ACBD) is harmonic, and if O is the mid-point of AB. prove 

that (1) DA. D8 = DC . DO. 

(2) AB . CD =2AD . CB=2AC . BO. 

4 . If O (AB ; CD) is hamionio, prove that 

2 cot AOB =cot AOC +col AOD. 

5. Two circles intersect at 8. C : a common tancent tonchea them 
at P, Q and cuts any other circle throu;;)! B, C at L, M ; prove that 
{PQ ; LM ) is haniioitic. 

6. (ACBD) is hannonic ; O. O' are the midpointa of AB, CD: 
the circles on AB, CO us diameters intersect at H ; prove that 


OHO'=00*. 


7 P. Q. R arc points on BC. CA. AB such that AP. BQ. CR are 
con. tirrent; P', Q,', R' are the harmonic conjii^rates of P, Q. R w.rt. 
B, C ; C, A ; A, B 5 prove tliat P', Q'. R' aro collinear. 

8. AA' is a median of the trian-rlc ABC and AD is drawn parallel to 
BC: prove thatA{BC; A'D} i» harmonic. 

9. With the usual notation for tlie triangle ABC. prove that 

A{DC:II,}. A{OH:II,}. D{BFAE} 

are harmonic. 

10. If I is the inccnlrc- of the triaiiirlc ABC. ami if AI meets BC at Q 
ami the circunicirelo at P, [>rove that PI* = PA . PQ 

11 Tlie lines joiniei'' a point on a circle, centre O. to tlie extreinitioe- 
*.r a cliord PQ meet the diameter per|K;ndicular to PQ at A, B- Prove 
that OA. OB = OP*. 

12 'I'ho int jrele of the trianiile ABC tom hes RC, CA. AB at X. Y, Z : 
YZ pVodiiced meets BC at T ; prove that {8XCT} is harmonic. 

13. AOCD is a paralleloj.'rAm ; AE is drawn parallel to BD ; provr- 
that A {EC : BD) is hannonic. 

14. A', B', C' are tho mid points of BC. CA, AB : prove that 


A'{AC ; B C ') 


bannooio* 

b.M.O. 
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15 AD. BE, CF are altitudea of the triangle ABC ; OF m«U BE 
at K and EF meets BC at M ; prove that {BKHE} and {BDCM} are 
harnionic, whore H is the orthocentre. 

16 The tangent at a point C of a circle meeU a diameter AB at T j 
prove that the other tangent from T to the circle is divided harmonically 
oy CA, CB, T and its point of contact. 

17 If aj-*+2Ai + 6=0, a'a:*+2A> +6'=0 give two paire of poinU 
on the x-axis which are harmonic conjugates, prove that ab -^ab-^hh . 

18 A variable triangle PQR inscribed in a fixed circle hw the side 
PQ parallel to a fixed chord and QR passes through the mid point of 
the chord. Prove that RP passes through a fixed point. 

19 ABCDPQ, are six points on a circle; if P{ABCD} is harmonic, 
prove that Q{ABCD) Is harmonic. What special case is obtained by 
taking Q very close to A T 


20 (1) Two tangents TA, TB to a circle, centre C. are met by another 

tangent at P, Q ; prove that PCQ is equal or supplementary to iACB. 

(2) Hence show that If four tangents meet TA at P,. P** 

TB at Q,„ Q,v Q-v and if {PjP|PiP 4 } « harmonic, then {QiQiQ*ti4l 
is harmonic. 


Definition. If four points on a circle are such that a harmonic 
pencil is formed hy joining them to one other point on the circle, then 
Ex. 19 shows that a harmonic pencil is formed hy joining them to 
any other point on the circle, and the four points are then said to form 

a harmonic system of points on the circle. 

If four tangents to a circle are such that they cut harmonically one 
other tangent to the circle, then Ex. 20 shows that they cut karmonicaUy 
every other tangent to the circle, and the four tangents are then said to 
form a harmonic system of tangents to the circle. 

21. (1) A, P, Q are three points on a circle, centre O ; the tangents at 
P. Q meet the tangent at A at Pi* Qx ; prove that PAQ = PiOQi or 

180" -p, 6 a,. 

(2) Hence prove that if P, Q. R, S form a harmonic system of polntt 
on a circle, the Ungeots at P, O, R» S form a harmonic system of tangents 
to the circle. 

22 pa, AB are two parallel chords of a circle ; C ie the mid-point 
of AB ; PC meet* the circle at R ; aT ia the tangent at Q ; prove that 
Q{ARBT} is harmonic. 

23. AB iea diameter of acircle and AP any chord ; the tangents at A, P 
meet at O ; R is the foot of the perpendicular from P to AB ; prove that 
BO bisocU PR. [Prove that OP, OB, OR, OA oat AB harmonioaUy.J 
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24. T IB a point on the base BC produced of the triangle ABC i N is 
the harmonic conjugate of T w.r.t. B, C : TP is a tangent from T to 
the circle ABC ; PN meete AB, AC at L, M and the circle at Q ; prove 
that {PLQM} is barinonio. 

25. ABC is a straight line ; AT is the tangent from A to the circle on 
Be as diameter; O is its centre; N is the foot of the pei7>endicular 
from T to BC ; prove that AO, AT, AN represent the Arithmetic, 
Geometric and Harmonic means between AB, AC ; and that these three 
are in geometrical progression. 


THEOREM 38. 

(1) If {ACBD), {AC'B'D'} are harmonic, then CC', BB', DD' are 
concorrent. 

(2) If (ACBD), {A'C'B'D') are harmonic, and if AA', CC', BB' 
are concurrent (at O say), then OO' also passes through O, 



(1) is simply a special (biU important) case of (2). 

It is therefor© only necessary to prove (2). 

Join OD' and produce it to meet AB at E. 

einco 0{A'C'B'D'} is harmonic, (ACBE) is harmonic» 

. AC_AE . 

CB'BE’ ° ^ CB BD* 

•• BE BD’ 

AE AD AE _ AO. 

AE - BE “AD - BO AB AB* 

0 coincides with E ; 

OD' passes through 0. 


Q.E.D. 
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THEOREM 37. 

(1) If 0{ACBD}, 0'{ACBD> are harmonic, and if O' lies on OA, 
then C, B, D are collincar. 

(2) If OfACBD), 0'(ACBD} aro harmonic, and if A, C, B are 
ooliinear, then D also lies on ACB. 



(1) is simply a special (but important) case of (2). 

It is therefore only necassary to prove (2). 

Produce ACB to meet OD, O'D at E, E'. 

Since 0(ACB0} is harmonic, (ACBE) is harmonic; 

. AC _AE 
*• CB BE’ 


Similarly, 


^ since {ACBEl is harmonic ; 

C B B w 

*• BE BE'' 


as in Theorem 3C, E coincides with E'. 

ACB meets OD. O'D at the same point, i.e. at their point oi 

intersection D. ^ tx 

/. A, C, B, D are collincar. Q.E.D. 


26. If {APQR}, {AP'Q,'R'} aro hanuonic, prove that PR', P'R, QQ.' 

are concurrent. 

27, Iff iri the trianirlc ABCt AI, I^ljcut BC at L* M and CI» I|It cut AB 
at P,* Q,. prove that PL. AC. Q,M are concurrent and that PM, Q,L inter- 
eect on AC. 

28 If ACBD fonn a harmonic system of points on a circle, prove that 
the followinij pairs of lines intersect at collincar points: AC, BD 
AB, CD ; the tangents at A, D ; the tangents at B. C. 




HARMONIC RANGES AND PENCILS 


73 


29. Thronph a fixed point A is drawn a variable line nieetinp two fixed 
lines OC, OD at Pj, P, ; a point Q is taken on AP|P| such that 

J 

Aa AP, AP, * 

prove that the locus of Q. is a straight lino. 

30. AD, BE, CF are altitudes of the triangle ABC : DE, EF meet 
AB, BC at F', D' ; i>rove that FD, F'D' intersect on AC. 

31. If, in the triangle ABC, AO, Ui, 1,1, meet BC. DE. DF at P. Q, R. 
prove that P, Q,, R are collinear. 

32. With the usual notation for the trian^ile ABC, if C'D meets AC 
at K, EF meets BC at P, prove that KP is parallel to AB. 

33. With the notation of E.x, 32, if C'P meets AC at Q. prove that DQ 
is parallel to AB. 

34. The tangent at a point P of a circle cute a diameter AB at T ; 
PN is the perpenilicular to AB : the lino joining 8 to the mid-point of 
TP cuts PN at Q ; prove that AQ is parallel to TP. 


CROSS RATIO. 


If a transversal meets four lines which pass through a point O 
at A, C, B, O, the proof of Theorem 3i, shows that 


AC . BO _Bin AOC . sin BOD . 
AD . BC ~ sin AOl5 . sin BOC ' 


and consequently, if A'C'B'D' is any other transversal, 

A'C'. B'D' AC . BD 
A'D'’. 8'C'~AD . BC' 


If {ACBO} is harmonic, each of these expressions = -1. 
Consequently the fact that {ACBD} is huruionic is sometimes 
denoted by {ACBD} = - 1- 


Dejinilions. 

(1) Any set of collinear points is said to form a ramjt. 

(2) Any set of concurrent lines is said to form a jitncH : the lines 
are called roi/s of the pencil and the point of concurrency is called 
its vertex. 

(3) If a transveriial meets a pencil 0(ACBD} at A, C, B, D, the 


ratio 


AC. BD 


or 


ein AOC. sin BOO 


is called the cross-ratio of the 


AD.BC sin AOD. sin BOC 
pencil OlACBDl or the cross-ratio of the range {ACBO}. 



74 


MODERN GEOMETRY 


(4) If two ranges or penoUs are of equal cross-ratio, they are 8<dd 
to be eguucrosa. 



To remember the cross-ratio expression for {ACBD}, place the 
four points in order on a circle: the numerator is obtained by reading 
frtrwards from A and the denominator by reading backwards from A. 


THEOREM 88. 


If {ACBD} ={ADBC}» then (ACBD) is harmonic. 


It is given that 


AC. BD ^ AD. BC . 
AD . BC AC.BD * 


Now, if ^ 


. AC* AD* AC AD 

*■ CB* DB* CB“ *DB* 

AD 

= = 7 =, C comcides with D from the proof of Theorem 36* 

U D 

, AC _ AD. 

•• CB DB’ 


{ACBD} is harmonic. Q.E.D. 


It follows at once that if O{ACBD}sO{A0BC}, then 0{ACBD) 
is harmonic. 
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THEOREU 39. 

(1) If {ACBD}, {AC'B'D'} are equi-cross, then CC', BB', DD' are 
concurrent. 

(2) If (ACBD), (A'C'B'D'} are equi-cross, and if AA', BB', CC' 
are concurrent (at O say), then DO' also passes through O. 

(3) If 0{ACBD), 0'{ACBD} are equi-cross, and if O' lies on OA, 
then C. B, D are coUinear. 

(4) If 0{ACBD}, 0'(ACBD} are equi-cross, and if A, C, B are 
collinear, then D also lies on ACB. 

The method of proof is that of Theorems 36, 37. 


35. Prove that the value of the cross-ratio (ACBD) is uoaltered, if. 
ffhea any two letters are interchaaged. the other two letters are also 
iDtercbaoged. (e.g. (ACBD} = (CADB)). 

36. If {ACBD}=i, prove that {ABCD)=1-/; 

{ABDC)=^-^: (ACDB)=j4i; 

{ADBC}=|: {ADCB)=^^. 

37. Prove that there are 24 cross-ratios of foor coUinear points, and that 
they fall into sets of font, each of which is equal to one of the six ratios 
in Ex. 36. 

38. Prove that the six difTorent cross-ratios of four collinear points 

can be written as i, m, n, 7 , —, -, where 

I rn n 

.1 1 * f 1 

m n i 


39. Prove that ;:;^={ABC 3 e>}, where co represcoto the point at 
infinity on AC. 

40. A variable line mecte four fixed planoe which have a common line 
of intoraoction at P, R, S ; prove that {PQRS) is constant. 

41. ABCD is a transversal of 0{ABCD}; through B ia drawn a line 
FBQ parallel to OD to moot OA* OC at F, Q ; prove that 

(ABCD)=^. 


42* PQR is a variable triangle such that each side passes through a 
fixed point; if the three fixed points are collinear, and if P, Q, move on 
fixed Lines, prove that the locus of R is a fixed line. [TaJee three positions 
of the triangle, and prove that the throe positions of R are ooUinear^ 
osingTh. 39 (3).) 
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43. PQR la ft variable triangle with its vertices on three fixed oon> 

corrent lines; QR pass through fixed points; prove that RP also 

passes through a fixed point. 

44. (Desargnes* theorem on perspective triangles.) Two triangles 
ABC. A'B'C' are such that AA% BB'. CC' are concurrent, at O say; 
if BC, B'C' meet at X ; CA, C'A' at Y ; AB, A'B' at 2 ; prove that 
X, Y, 2 are collinear. [P^duce CB, C'B' to out OA at E, E' and 
prove A{XY20} =A'{XY20}.3 

45. (Desargues' theorem on the qnadrangle.) Six lines are drawn 
joining in pairs the points A, B, C, D. Any other straight line meets 
AB, CD, AD, BC, AC, BD at P. P', Q, Q', R. R'; prove that 

{PQRR')={P'Ci'R'R). 

[Project the ranges from A, C on to BO.] 


46. A, B, C and A', B'. C' are two sets of collinear points ; the pairs 
of lines AC. A C': AC', B'C; A'C, AB'; A'B. AB'; A'C. AC'; B'C, 
BC' intersect at O, K. H, P, Q, R. Prove that 


(1) {APHB'} =» {ABCO} = {KRCB'}; (2) P, Q, R are collinear. 

47. ABC is a given triangle and O a fixed point on its ciroumcirole$ 
a variable line though D cuts AB. BC. CA at C', A', B' and the oiroom* 
circle at P ; prove that (PA'B'C'} is of constant cross-ratio. 



CHAPTER VII, 

THE QUADRILATERAL AND QUADRANGLE. 

This chapter will serve as an introduction to wliat is knot'll as the 
Prijiciple of DualUy. 

Definitions. 

(1) If A and B are two j)oint9» the unlimited line joining A and B 
is called t\nt join of A and B. 

(2) If a and 6 are two the point of intersection of a and b 

19 called the meet of a and 6. 

There are two distinct points of view from which any curve may 
be rcgard<Kl: (1) os a bKus ; (2) as an envelope. 

I. A circle^ for example, may be considered os formed by a eeriea 
of points eacli of winch is at a constant distance from a fixed ]>oint ; 
in order to pass from the series of points to the continuous curve, 
it is necessary to imagine that a number of linos are drawn joining 
consecutive f>ointa of the series : by taking a large enough number 
of these points, each connecting line can be made as sliort as we 
please : and the limiting result of the process is said to constitute 
the curve. 

From this point of view, the curve is regarded ns a locus or the 
path of the moving (tracing) point. 

II. A circle may, however, also be considered as generated by a 
series of straight lines, each of which is at a constant distance from 
a fixed iK>int. On each line ia cut of? a segment by the two lines 
which come, one before and the other after it, in the series : by 
taking a large enough number of tho-so lines, each intercepted segment 
can bo made as short aa we please : and the limiting result of the 
process is said to constitute the curve. 

77 
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From this point of view, the curve ie regarded ae an envelope^ or 
a curve generated by a moving (tangent) line. 

The essential difference between these two view-pointe is that in 
I. the potTU is the fundamental conception and the straight line 
arises as the join of two points, whereas in II. the straight line is 
the fundamental conception, and the point arises as the meet of two 
lines. 

If then we have any geometrical system built up on one of these 
conceptions, it is po.‘!sible to construct the corresponding system 
which is based on the other. Theorems affecting the disposition of 
points and lines therefore occur in pairs, so that the knowledge of 
one includes the knowledge of the other. This correspondence is 
called The Principle of Duality. 

In what follows, it is convenient to take single capital letters to 
represent points and single small letters to represent lines. Corre- 
8|>ondence will be represented in parallel columns. 


Definitions. 


AB is Iho join of two points 
A, B. 1ABCD( ia the ratiLc 
f<irim“d l>v four collitiear points 
A, B. C. D. 

H lABCD) is the pencil formed 
h_v the joins of the v^rte-r H to 
the four points A, B, C, D. 

A figure fornted hy thn'o 
points and their joins ia called 
a IrxangU. 

A curve whicli is met bv anv 

• ^ 

straight lint- at two. and only 
two, p<anl^ IH called a curve of 
the secund degree. 


ab ia the meet of two lines 
a, 6. {a6crf} is the pencil formed 
by four concurrent lines a, 6, c, d. 

h{abcd} is the range formed 
by the meet of the base h with 
the frair lines n, c, d. 

A figtire formed by three lines 
an<l their meets ia called a tri¬ 
lateral. 

A curve to which two, and 
only two, tangents am be drawn 
from any is called a curve 

of (he necand chiss. 


llie locus of a point which 
moves so that in two. and only 
two, of its positions it lie.s on 
any straight line is called a 
curi'< of the second degree. 


Or, 

Tlie envelope of a line which 
moves so that in two, and only 
two, of its positions it passes 
thremgh any point is called a 
curve of the leconti class. 
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Theorems. 


The joins of n points, no three 
of which are coliinear, taken in 
pairs, form ^n(n —1) lines. 

A, B, C and A', B', O' are the 
vertices of two triangles ; if the 
joins of A, A'; B, B'; C, O' are 
concurrent, then the meets of 
BC, B C^; CA, C'A'; AB, A'B’ are 
Collin ear. 

If the sides 6C, CA, AB of a 
variable triangle ABC pass 
through three 6xed collinear 
oints, and if A, 6 He on two 
xed lines, then C lies on a fixed 
line. 

If {ABCD), {AB'C’D ) are two 
harmonic ranges on different 
bases, then the joins of B, B'i 
C) O'; O, D' are concurrent. 


The meets of n lines, no three 
of which are concurrent, taken 
in pairs, form Jn(n—1) points. 

a, 6, c and a', b\ d are the 
sides of two trilaterals ; if the 
meets of a, a'\ 6, 6'; e, d are 
collinear, then the joins of be, 
b'c\ CO, c'a'; ab, db' are con¬ 
current. 

If the vertices be, ea, ab of a 
variable trilateia.! al>c lie on 
three fixed concurrent lines, and 
if a, 6 pass through two fixed 
oints, tlien c passes through a 
xed point. 

If {abetf}, {ab'd(^ are two 
harmonic pencils with different 
vertices, then the meets of 6, b'; 
^ di d, d' are collinear. 
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A compleie quadrangle is formed by four points A, B, C, D, caUed 
its verticeSf no three of which are collinear. Their joins form six 
straight lines, grouped in pairs, AB, CD ; BC, AO ; CA, BD, called 
its aides ; the sides in each pair being called opposite sides. 



The meets of opposite sides form three points Q, F, E, called diagonal 
points ; and the triangle EFG is called the diagonal point triangle. 

Now, (AECP) = F(AECP} ={DEBQ} =G{DE8a} ={CEAP>. 

by Theorem 38, {AECP} is harmonic. 

It follows at once that each set of 4 collinear points in Fig. 48 is 
harmonic. 


This is known as the harmonic property of the complete quadrangle 
A more elementary proof is given in Theorem 40. 
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-4 compete qiiadrilalfrnl is formed by four lines a, b, c. d, called iU 
ndfs, no three of which are concurrent. Their meets form six points, 
grouped in pairs, ab, cd ; be, ad ; ca, hd, called ita vertices ; the 
vertices in each pair being called opposite vertices. 



FlO. 48. 

Tlic joins of opposite vertices form three lines g.f. e, callcfl diagonal 
lines ; and the triangle efg is ealle«l the diagonal liui Iriht!' ml. 

Now, {cicc/d =f{a(cp) ={dibq) =g\dibq) = [crap). 

by Theorem ‘IS. latcp) is harmonic. 

It follows at once that each set of 4 concurrent lines in Fig. 49 
is harmonic. 

This is known as the harmonic property of the compleUs quadn- 
lateraL 
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THEOREM 40. 

ABCD is a quadrangle: AD, BC meet at F; AB, CD meet at Q; 
AC, BD meet at E; FE meets AB at K; then {AKBG) is harmonio. 



Pio. 60. 


and 


From the triangle FAB, 

AK BC FD 
KB ‘ CF * DA 

AG BC FD 
“ GB * CF * DA 


by Ceva's theorem, 

\J rK 

^ = -1, by Menelaus* thc^orem. 


. AK_ AQ. 

•• KB GB* 

/• {AKBQl is harmonio. 


Q.E.D 
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It is easy to deduce from this theorem that every set of four 
coUinear points, and of four concurrent lines, in Fig. 51 is harmonic. 
This is left, as an exercise, to the studenL 



Write do^, unthout proofs the dual theorems of Ex. 1-9; draw 
and letter hgures for each pair ol theorems. [Compare Figs. 48, 49.] 

1« From a fixed point D, two variable lines DPQ, DRS are drawn to 
cut two fixed lines AB, AC at P, Q and R, S ; then the locus of the meet 
of PS, QR is a straight line. 

2. {ABCD), (AB'C'D') are two harmonic ranges on difTerent bases, 
then BD% B'D, CC' are concurrent, 

3. {ABCD}, {A'B'C'D^} are two haimooic ranges, such that AA^ 
BB', CC' concur at O, then DD' passes through O. 

4. Two lines FDA, FCB are met by two other lines QBA, GCD ; 
BD meets AC at E ; then F{AB ; EQ) is harmonic, 

5. A^, A|,... A„ are n coplanar points which lie on fixed concurrent 
lines; if AjAj, A^,,... A^_jA„ pass through fixed {K>iDts, then 
passes through a fixed point. 

6 . One, and only one, curve of the second degree can bo drawn to pass 

through five given points, no three of which are collinear. 

7. AiAgA^A^A^^ are six points on a curve of the second degree, then 
the meets of A|At, A 4 A 1 ; AgAa, A^ ; A^A^, A^i are coUinear. 
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8. A variable carve of the second degree pasoes through four fixed 
points A. B, Cf D ; if two fixed lines AX* BY cut the curve at P» Q, 
then PQ passes through a fixed point. 

9. The sides of a variable trianp:le pass through three non-coUinear 
fixed points; if two of the vertices he on fixed lines, then the locus of the 
third vertex is a curve of the second degree. 


10. Given three collinear points A. R, C. by using a ruler only, show 
how to construct a point O such that {ABCO) is harmonic. 

11. Given three concurrent lines PA, PB, PC. by using a ruler only, 
show how to construct a line PD such that P(ABCO} is harmonic. 

12. K is the given mid-point of the line joining two given points A, B ; 
O is a given point outside AB ; draw through O a line parallel to AB, 
using a ruler only. 

13. Given three points A, B, C on a given circle, with the use of a 
nilcr construct a point O such that A, B, C, D form a hanuouic s^'stem 
of points on tbo circle. 

14. The straight lines AD, BC cut at C ; on BC any point E is taken ; 
AE meets BD at Q ; CQ meets ED at R ; BRcutsADatP. Prove that 
P remains stationary, while E moves along BC. 

15. With the notation of Fig. 48, prove that (1) PD, GE, AQ and 
(2) QC. EG, PB are concurrent. 

16. With the notation of Fig. 61, prove that (1) L, H, P ; (2) K, M, P 
are collinear. 

17. C is a point on the line of intersection AB of two planes : points 

X, X' are taken, one on each plane ; a line CHK meets AX, B X at H, K ; 
a line CH'K' racete AX'. BX' at H', K'; AK, AK' meet BH. BH' at 

Y, Y' respectively ; prove that X. X', Y, Y' are coplanar. 

18. ABCD is a quadrilateral, having AB parallel to CD ; AC, BD 
meet at P ; AD, BC meet at Q,. Prove that PQ bisects AB. 

19. The base BC of a triangle is given, and the vertex P moves on a 
fixed line : another fixed line cuts PB, PC at H, K ; find the locus of the 
meet of CH, 8K. 

20. Given two lines p, q which meet ofT the paper, and a point A, 
construct, with the use only of a niicr, the joiu of A to the meet of p, q 
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•THEOREM 41. 


The mid-points of the three diagonals of a complete quadrilateFa) 


are oolUnear. 



no. 52 


AC, BD, FG are the diagonals of the quadrilateral ABCD. 

Let P. Q, R be the mid-pointe of BG. GC. CB ; and produce PQ. 
QR. RP to meet FG. AC. 80 at N. L. M. 

PQ. QR, RP are respectively parallel to CB. 6G. GC. 

Since PQN is parallel to BF, and since GP =P8. GN s=NF. 

N is the mid-pomtof FG. and similarly L. M are the mid points 
of AC. BO. 

Now. by parallels. 

^_BA ^_CF PM_GD 
LQ~AQ* NP“FB’ MR DC' 

RL QN PM BA GO CF _ , 

LQ NP MR AG ' DC FB " * 

by Menelaos. since ADF is a transversal of the triangle BCG. 

L M. N are oollinear, converse of Menclaus Q.E.D. 


* This prool wu given by Mr. U. E- Blllyer m the Kduoatwnai 

Txmtt 

D iA.a. 


D 
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l^eorem 41 also a4iiiut8 of a statical proof. 



L, M. N are the mid-points of AC. BD. FQ. 

Consider the system of forces AD, CD, C^. 

AD-f^=2AM and ^■t-^=2CM. 
the resultant of the system passes through M, and similarly 
through L. (In fact, it is 4LM.] 

Now the system is also equivalent to 

AF +^-1-^ +GD -»-CF + FB 

^^-f ^ -fCF 

=2AN + 2ND + 2NB + 2CN. 
the resultant passes through N. 

L, M, N are collinear. Q.E.D. 

Further, if a circle can be inscribed in the quadrilateral, its centre 
must lie on LMN. 

For suppose the circle touches AB, BC, CD, DA at P, Q, R, S; 
then the force system is equivalent to 

(AP -t-^) -f(PB +f^R +'^) -f (R5 

Now the resultant of each pair bisccte the corresponding chord 
of contact and therefore passes through the centre of the circle, so 
that the resultant must pass through the centre of the circle. 

Q.E.D. 

This method yields an immediate proof of the theorem that the 
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locus of the ceotrea of conics touching four straight lines is a straight 
line/* 

Ust methods for Ex, 21 *24. 

21. Throutzh a point F inside a rcctantrle AQCD» lines are drawn 
parallel to the sides meeting AB, BC. CD, DA ut G, E. K, H ; prove 
that BH, CF, DQ are concurrent. 

22. ABCD is a quadrilateral ; if AB =C0, prove that the line joining 
the mid-pointsof BC aod AD is equally inclined to the other tuo sided. 

23. A parallelogram ABCD is divided into four parallcingraens hy two 
lines PKQ, RKS meeting DC, AB, DA, CB at P, Q, R, S. Prove that 
the triangle AKC is equal m half the dillerence of the parallelogranii^ 
KB, DK. 

24. Prove that the three pairs of bisectors of the opposite angles oi 
a complete quadrilateral intersect at three collinear points. 

25. With the Dotation of Fig. S3, if ABCD is inscribed io a circle, prove 
that FG*sFR* + GS*, where FR, GS are the tangents from F, G to 
the circle. 

26. If two of the opposite angles of a complete quadrilateral are 
nght angles, prove that the third diagonal is perpendicular to one of the 
Eternal diagonals. 


CHAPTER VIIL 

ORTHOGONAL CIRCLES. 

Definitions, 

(1) If two curves intersect at a point A, and if the tangents at 
A to the curves make an angle a with each other, the two curves 
are said to out at A at an angle a. 

In particular, if o=90®, the curves are said to cut orthogonally 
or at right angles : and the curves are called orthogonal curves. 

(2) If CA is a radius of a circle, centre C, and if P, Q are two points 
on CA, such that CP. CQ =CA*, then P, Q are called inverse points 
w.r.t. the circle. 


THEOREM 42. 

If two circles, centres A and B, intersect orthogonally at C, then 
(1) CA, CB are tangents to the circles and (2) CA*+CB* = AB*. 



(1) Draw the tangents CP, CQ to the circles. 
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Since QCP^OO®, CQ is perpendicular to the tnngent CP to the 
olrcie, centre A, and therefore passes through A. 

Similarly CP passes through B. 

/. AQC, BPC are tangents to the circles. Q.E.D. 

(2) Since, from fl), ACB =90*’, 

AB*=AC*+CB*. Q.E.D. 

The converse theorems, which are easily proved, ere most im¬ 
portant. 

If two circles, centres A, B, intersect at C, &nd if either ACB =90 , 
or AB* =AC* +CBS or if AC is a Ungent to the circle, centre B, then 
the two circles are orthogooaL 


THEOREM 43. 

Two circles intersect at C> D ; if the sum of the angles in the 
segments of the two circles on opposite sides of CD is 00 or 270 . 
then the circles cut orthogonally. 



Draw the tangents CS, CT. 

CPD = DCT and CQD = SCO, alternate segment, 

/. SCT=CPD+CQD=90^ 
the circles cut orthogonally. Q.E.D. 

If P, Q are taken on the minor arcs CD, we should have the case 
CPD +CQD*270^ 
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1. If two circles Intersect at A and B. prove that the anjclea at which 
the? cnt each other at A and B are eqnal. 

2. If P. Q are inverse points w.r.t. a circle, and if PQ meet* the circle 
at A, B. prove that (AB, PQ.) is harmonic. 

3. P is a point on a circle, centre C; AB is a diameter: prove that 
the circles APC. BPC are orthosonal. 

4. A common tanacnt to two circles touches them at P, Ci ; prove that 
the circle on PQ a-s diameter is orthogonal to each of them. 

5. {ACBD} is harmonic; prove that the circles on AB, CD as 
diameters arc orthoconal. 

6. Two circles, centres A. B. intersect at C ; prove that the angle at 

A 

which they cot equals ISO" -ACB. 

7. If AHD. BHE. CHF arc the altitudes of the trianclo ABC. prove 
that the three circles whose centres oro A. B. C and the squares of whose 
radii arc AH . AD, BH . BE, CH . CF cut orthogonally. 

8 A lino QPR is drawn through the meet P of two circles and cot* 
then) again at. Q,. R ; with Q. R a.s centres, two circles are described 
orthogonal to the given circles ; prove that they intersect on the circle 
whoso tliarncter is QR. 

9. Prove that the circle whoso diameter is the third diagonal of • 
quadrilateral inscribed in a circle, is orthogonal to that circle. 

10. If H is the orthocentre of the triangle ABC. prove that the circles 
on AH end BC as diameters are orthogonal. 

11. A point C outside a circle is joined to the ends A. B pf a diameter 
and the joins cut the circle at P, Q ; prove that the circle CPQ, •* 
orthogonal to the given circle. 

12 TP, TQ are the tangent* from T to a circle and R is any point 
Buch'that TR =TP ; RP. RQ meet the circle again at A. B : prove that 
AB is a diameter. 

13. With the usual notation, prove that the circle IBC is orthogonal 
to the circle on 1,1, as diameter 
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THEOREM 44. 

(1) If {ACBD) IB harmonic, then the circle on AB as diameter ia 
orthogonal to any circle through C and O. 

(2) If C, D are inveree points to a circle, any circle through C. D 
is orthogonal to that circle. 

(3) If two circles cut orthogonally, then any diameter of one is cut 



(1) Let O be the mid-point of AB, and H a meet of the circlco. 
Since (ACBD) is harmonic and AO=OB. 

OC . OD =OB* ^OH*. 

OH is a tangent to the circle CHD. 

/. the circles cut orthogonally. Q.E.P. 

(2) If C, D are inverse pointa, 

OC . OO =OB* = OH*. 

as in (1), the circlcH are orthogonal. Q K.I). 

(3) Let :£ and S be the circles, and let any diameter AB of meet 
8 at C, D. Let O bo the centre of 2. 

Since the circles are orthogonal, OH is a tangent. 

OC. OD=OH* = OA>=OB*. 

{ACBD} is harmonic. Q.E.D. 

It follows from the proof of (3) that C, D are inveree points v .r.t. 
2. Consequently, if two circles are orthogonal, any diameter of 
ooe is cot by the other et mverBe poiote. 
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14 A Oxed diameter AB of a circle S meets a fixed orthogonal circle 
* PO 

at C, D; P is a variable point on S; prove that p— U constant. 

15. Prove that the circumcircle of the triangle formed by the three 
diagonals of a complete quadrilateral is orthogonal to each of the three 
circles whose diameters are the three diagonals. 

16. Two circles S,, S, intersect at P, Q.: another circle 2 cuts Si 
and Sj orthogonally ; prove that P, Q. arc inverse points w.r.t. 2. 

17. t'onstnict a circle to pass through two given points and to be 
ortlin:;onal to a given cin le. 

18. Two circles, centres A, B, cut orthoconally at Q, Q.' : a line PQR 
cuts the circles again at P, R ; if L ia the mid-point of PR, prove that 

ALB =00®. (Use LQ . LR=PL. LQ.) 

19. Prove that a line, cut hannonically by two orthogonal circles, 
must be a <liameter of one of them. 

20. If A. B, C, D are any four points, prove that the circles ABC, 
ABd' cut at the same angle os the circles A(iD, BCD. 

21. If two circles intersect at O, and if POQ. P'OQ,' are two lines 
UTiiiinatcd by the circumferences, j)rove that PP', QQ,' cut at the same 
a!)gle as the circle.s. 

22. PQ. RS are perpendicular diameters of two orthogonal circles; 
prove that PS ia pen'onJicular to QR and cuts it at one of the common 
points of the two circles. 

23. A variable circle cuts a fixed circle orthogonally and passes 
through a fixed point; prove that the locus of its centre i.s a straight line. 

24. A variable circle is orthogonal to each of two fixed intersecting 
oirclea; prove that the locus of its centre is a straight lias 



CHAPTER IX. 

POLES AND POLARS. 

The work of this chapter describes one method of establishing the 
form of correspondence alJuded to in the discussion of the Principle 
of Duality in Chapter VII. 

Df'finition. 

If P* Q are points on the diameter AB of a circle, such that 
{AB ; PQ} is harmonic, and if QR is drawn patallel to the tangent 
at A, then QR is called the polar of P w.r.t. the circle, and P is called 
the pole of QR. 

iR 



FlO. 67. 


If O is the centre of the circle, it follows at once that 

OP . OQ=(radiu3)*, 

and that OP is perpendicular to the polar of P. 

Many of the polar properties of a circle admit of easy analytical 

treatment. 
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L The polar of P{x', y') w.r.t. ihe circle x* =o* is xx' +yy* =aK 

X y 

The equation of OP is 

X y 

the polar of P, being perpendicular to OP, is of the form 

xx' +yy' = k. 

But the length of the pcri>cndicular from O to this line is 




k=a* 


Q.E.D. 


II. If Ihe polar of P passes through R, then the polar of R passes 
through P. 

Let the coordinates of P, R be (x,, y,), (Xt» Vi)* 

The polar of P is xx, +yy, =«!* : this passes through R. 

xfr,+ysyt=a*...(1) 

But the polar of R is xx, +yya=o*. 

by (1) the point P, (x„ y,) lies on the polar of R. Q.E.D. 

D''finUion. 

If two points are so situated that the polar of cither passes through 
the other w.r.t. a circle, then the points are called conjugate points 
w.r.t. the circle. 

From IL, (x,, y,) and (x„y,) are conjugate points w.r.t. x* +y*=o*, 
if x,x,+y,y,=a*. 

III. P and R are conjugate points lo.rj. a circle ; if PH RK are the 
tnngents from P, R to the circle, then PR* = Pf{* + RK*. 

With the same notation, 

PR*=(x,-x,)*+(y,-y,)* 

= x,* +y,* +x,* +y,* -2(x,x, +y,t/,) 

= OP* + OR*-2a*=(OP»- a*) +(OR» -a*) 

= PH*+RK*. Q.E.D. 

IV. Snlnuyn's Theorem, P, S are two points; PX, SY are the 
perpendiculars from P, $ to the polars of S, P respectively w.r.t. a 

Qp PX 

circle, centre O ; then “SY ’ 

This is a simple analytical exercise. 
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THEOREM 45* 

(1) If the polar of P passes tbtough R, then the polar of R pasf^es 
through P. 

(2) If a line p contains the pole of a line r, then r contains the 
pole of p. 

(3) If P, R are the poles <)f p, r, then the polu of PR is the meet 
of p, r. 



(1) Lot O be the centre of the circle, and let OP meet the polar 
of P at Q ; R is any point on the polar of P. 

Draw PS perpendicular to OR. 

A A 

Bmeo PSR =90”* =PQR, PQRS ia concj-clic. 

OR . OS = OQ. OP=(radiua)* and OSP=90'’; 

/, PS is the polar of R. Q.E.D. 

(2) Let P, R be the poles of p, r. 

It is given that p (the polar of P) passes through R. 

by (1), r (the ptolar of R) passes through P (the pole of p). 

Q.E.D. 

(3) Let p, r meet at K. 

The polar of P passes through K, therefore vho polar of K {)a88eB 
through P. Similarly the polar of K pas-ses through R. 

/. the polar of K is PR. 


Q.E.D. 
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CorotXary. 

(1) If any namber of points are collinear, then their polars are 
concorrent. 

(2) If any namber of lines are concurrent, then tibeir poles are 
collinear. 

For, in (1), if P is a variable point on a fixed line f, whose pole 
is L, the polar of P passes throagh the fixed point L. 

And in (2), if p is a variable line through a fixed point L, whose 
polar is f, then the pole of p lies on the fixed line f. 

Definition. 

If two lines are such that the pole of either w.r.t. a circle lies on 
the other, then the lines are called corrugate linos w.r.t. the circle. 

For “ conjxigato points,** see page 94. 

I. If the point P Is ontside the circle, prove that the chord of contact 
of the tangents from P is the polar of P. 

2. What is the polar of a point on the circle ? 

What is the polar of the centre of the circle ? 

What is the pole of a diameter of the circle ? 

3. PR is the diameter of a circle Z, orthogonal to a circle S ; O Is 
the centre of S ; OP meets 2 at Q ; prove that QR is the polar of P 
w.r.t. S. 

4. If P, R are conjngate points w.r.t. a olrolc Z, prove that the circle 
on PR as diameter is orthogonal to Z. 

5. A variable chord PQ of a fixed circle passes through a Axed point; 
prove that the tangents at P, Q intersect on a fixed line. 

6. From a variable point T on a fixed line, tangents TP, TQ are 
drawn to a fixed circle ; provo that PQ passes through a fixed point. 

7. The tangent at A to the circumcircle of the triangle ABC meets 
BC at T and is produced to U so that AT —TU ; prove that A, U are 
conjugate points w.r.t. any circle through B, C. 

8. P, R are conjugate points w.r.t. a circle, centre O ; prove that the 
pole of pR is the orthocentro of the triangle OPR. 

9. The centre A of a circle S lies on a circle Z ; CD is their common 
chord ; any line through A cuts CD at H and Z at K ; prove that H, K 
are conjugate points w.r.t. S. 

10. Prove that the angle between two lines is equal to the angle which 
their polos subtend at the centre of the circle. 

II. If two circles are orthogonal, prove that the extremities of any 
diameter of one are conjngate points w.r.t. the other. 
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12. I is the incentre of the triangle ABC ; perpenfiicnlars through 1 
to lA, IB. IC meet any tangent to the incircle at P, Q. R ; by detennining 
the poles of AP, BQ, CR, prove that AP, BQ, CR are concurrent. 

13. Prove that the locas of a point whose polars w.r.t. three given circles 
are concurrent is the circle orthogonal to each of the given circles. 

14. ABC is a triangle, right-angled at B ; BB' is a median. Prove 
that A, C are conjugate points w.r.t. any circle which touches BB' at B 

15. PQ is the chord of contact of the tangents from T to a circle : 
the tansent at any other point R on the circle meets PQ at S : prove 
that TR is the polar of S. 

16. P. Q are two points subtending 90* at a point C on a circle : if 
the tangent at C bisecU PQ, prove that P, Q are conjugate points. 

17. Assuming the theorem that if the incircle of the triangle ABC 
touches BC, CA. AB at X, Y, Z, tlien AX, BY. CZ are concurrent, deduce 
by Theorem 45, corollary, a theorem for the circuincirclo of a triangle. 

18. PQR is a triangle : P', Q', R' are the poles of QR, RP. PQ w.r.t. 
a circle ; prove that P, Q, R are the poles of Q'R', R'P', P'Q'. 

Dcfiniticma. 

(1) If two triangles are such that the vertices of either are the 
poles of the sides of the other w.r.t. a circle, then the triangles are 
called conjugate triangles w.r.t. the circle. 

(2) If a triangle is conjugate to itself (t.e. each vertex is the pole 
of the opposite side), it is called a self-conjugate or edf-polar triangle. 

19. P. 0. are any two conjugate points and R is the polo of PQ ; prove 
that PQR is a self-conjugate triangle. 

20. If a triangle is self-conjugate w.r.t. a circle, prove that its ortho- 
centre is the centre of the circle. 

21. Qiven a triangle, prove that (here exists ooe. and only one. circle 
(real or imaginary) w.r.t. which it is self-conjugate : and that the circle 
is real if, and only if, the triangle is obtuse angled. 

Definition. 

The circle for which a triangle is self-conjugate is called the polar 
circle of the triangle. 

It is left to the reader to prove that, with the usual notation, the 
polar circle of the triangle ABC is the circle, centre H, and radius 
>/HA . HD. 



98 


MODERN GEOMETRY 


THEOREM 46. 

If P is the pole of a line QR w.r.t. a circle Z. then any line throng 



no. 50 . 

Let O be the centre of Y : and let OP meet the polar of P at Q« 
PR is any line through P cutting IS at H, K. 

On PR as diameter, describe a circle and let it cut E at C, D» 
Let O' be the centre of 2'. 

Since PQ,R =90°, 2' passes through Q. 

Since P is the pole of QR, OP . OQ = OC*. 

2 is orthogonal to 2'. 

O'D is a tangent to 2. 

O'H . 0'K=0'D' = 0'P* = 0'R*. 

{RP ; HK) is harmonic. Q.E.D. 

Corollary. 

If P, R are conjugate points w.r.t. a circle, and if PR mjets the 
circle at H, K. then (PR ; HK} is harmonic. 

The corresponding dual property is proved in the next theorem. 
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THEOREM 47. 

If P. r are two conjugate lines meeting at a point T outside the 
circle, and if TX, TY are the tangents to the circle, then p, r are 
harmonically conjugate TX, TY. 



no. flO. 

Let P be the pole of p ; then it is given that P liea on r. 

Now the polar of P (i.e. p) pa'spes through T ; therefore the polar 
of T (».<•. XY) passes through P. 

Let PXY cut p at Q. 

Then {PQ ; XYJ is harmonic. [Th. 46.] 

T{PQ ; XY) is harmonic. Q.E.D. 
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THEOREM 48. 


li foar points 
harmonic pencil. 


form a harmonic range, then thoir polars form % 


Q A B C D 



Let {ABCD> be harmonic, and let P be the pole of AD. 

Let O be the centre of the circle ; OP cuts AD at Q. 

Draw PA', PB', PC', PD' perpendicular to OA, OB, OC, OD. 

The polar of P passes through A; therefore the polar of A passes 
through P. But PA' is perpendicular to OA; therefore PA' is the 
polar of A. 

Similarly PB', PC', PD' are the polars of B, C, D. 

Now the rays of the pencil PfA'B'C'D'} are perpendicular to the 
raj’S of the pencil OfABCD}; therefore those pencils are equiangular. 

But 0{ABCD) is harmonic ; 

P{A'B'C'D'} is harmonic. Q.E.D. 

Corollary, 

The cross-ratio of any four collinear points is equal to the cross- 
ratio of the pencil formed by their polars. 

22. A variable chord PQ of a fixed circle posses through a fixed point 
A and is produced to R bo that RP. RQ = RA*; prove that the locua of 
R is a straight lino. 

23. The tangents ot the extremities of a chord PQ. of a circle meet 
at T; prove that any other tangent to the circle is cut harmonically by 
TP, TQ ; PQ and Its point of contact- 

24. P >8 the polo of the cbortl AB and O the mid-point of AB : any 

A 

line through P cuts the circle at C. D : prove that AB bisects COO. 
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25. Through the mid-point M of a chord AB, two straight lines MP, MQ 

are drawn to the circumference so that AB bisecta internally PMQ : 
prove that AB and the tangents at P, Q. are concurrent. 

26. A chord HK passes through the pole T of a chord PQ ; PV is a 
chord parallel to HK; prove that QV bisects HK. [ProveV{PQ; HK) 
is banuonic.] 

27. C is the mid-point of a chord AB : PQ is another chord through C ; 

H is the polo of AB ; prove that P HC =QHC. 

28. T is a variable point on a fixed line ; TP, TQ are tangents to a 
fixed* circle; PN, QM are the perpendiculars to the fixed line; prove 


that 


1 


is constant. 


PN^QM 

29. If two chords AB, CD of a circle are conjugate lines, prove that 
ACBD form a harmonic system of points on the circle. 


30. PQ* PR two chords of a circle ; the perpendicular bisector 
of PQ meets PR at H ; prove that the line joining H to the pole of QR 
is parallel to PQ,. 

31 The tangent at a point X on a circle meets a chord AB at P : O is 
the mid-point of AB ; if the polar of P cuU AB at R, prove that PX 
touches the circle ORX. 

32 If a given qua«lrilateral ABCD is circumscribed to a given circle, 
and if AP, BQ. CR, DS are the perj>endicular3 to a variable tangent, 

prove that constant. [Use Salmon's theorem. ) 

33. The incircle of the triangle ABC touches BC* CA. AB at X, Y* Z ; 

f ^rove that the diameter through X of the incircle inects YZ on the line 
oining A to the mid-point A' of BC. AA' ie conjugate to 

the lino through A iiaralle) to 6C.] 

34. Two chords AB, CD are conjupate lines w.r.t. the circle ; P Is any 
point on the circle ; CO cute PA» PB at H, K ; prove that the polar of 
H passes through K. 

35. Two chords AB, CD aro conjugate lines w.r.t. the circle : any line 
through A cuts the circle at P and CO at Q ; prove that B{CD ; PQ}^ 
is harmonic. 


36. PQ is a chord of a circle bisortinc the chord AB at C ; the tangente 
at P, Q meet AB at H, K ; prove that CH =CK. 

37. Two chords AB, CD of a circle arc conjugate lines w.r.t. the circle 
prove that AC . BD = BC • AD = |AB . CD. 

38. A circle throuph A. B inU^rsecU CA, CB at E, F ; V is the mid¬ 
point of EF ; prove that CV, AB are conjugate lines w.r.t. the circ le ABC. 

39. The incirclo of tlio triangle ABC touches BC. CA, AB at X, Y, Z ; 
PX is a diameter of the incircle ; PA, PY, PZ cut BC at M, Q, R ; prove 


that QM;=;MR. 

40. T is the pole of BC w.r.t. the circumcircle of ABC ; a line through 
T parallel to the tangent at A cuts AB, AC at D, E : prove that OT = TE. 

D.M.O. 
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THE INSCRIBED QUADRANGLE 
THEOBEU 49. 

(1) If a quadrangle ABCD is inscribed in a circle, its diagonal 
point triangle EFQ is a self-conjugate triangle. 


F 



(2) The tangents at A, B, C, D 
form a quadrilateral having for its 
diagonal line triangle the diagonal 
point triangle of the quadrangle 
ABCD. 

(1) {AECP} is harmonic; .'.the 
polar of E passes through P. 

{DEBQ,} is harmonic; .% the 
polar of E passes through Q. 

.% the polar of E is PQ or FQ. 

Since (OHCG) and {AKBG} are 
harmonic, the polar of 0 is HK 
or EF, and similarly the polar of 
F U GE. 

.’. EFG is a self-conjugate 
triangle. Q.E.D. 

(2) [The reader should draw 
his own Bgure and draw in the 
tangents at A, B. C, D.] 

BC contains the pole (F) of EG: 

EG contains the pole of BC. 


the tangents at B, C moot on EG. 

Similarly the tangents at A, D meet on EG; those at C, O meet 
on EF: those at A, B meet on EF; those at B, D meet on FQ; 
those at A. C meet on FG. 

EF. FQ, GE are diagonal lines of the quadrilateral formed by 
the tangents at A, B, C, D. Q.KD. 
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THE CIRCUMSCRIBED QUADRILATERAL. 


THEOREM 50. 

(1) If a quadrilateral abed is circumscribed about a circle, its 
diagonal line triangle e/g is a sell-conjugate triangle. 


(2) The points of contact of a, 
b, e, d form a quadrangle bavring 
for ita diagonal point triangle 
the diagonal line triangle of the 
quadrilateral a, b, c, d. 

(1) {aecp) is harmonic; the 
pole of e bes on p. 

{(ULq] is harmonic ; the pole 
of e Lies on q. 

the pole of e is pq or fg. 

Since {d/taj] and {alchg) are bar- 
mouic, the pKjlo of j is hk or e/, and 
similarly the pole of/is ge. 

e/g is a self-conjugate tri¬ 
angle. Q.E.D. 

(2) [The reader should draw his 
own figure and join up the points 
of contact of a, b, c, d.] 



be lies on the polar (/) of eg; 
eg lies on the polar of be. 


.*• the join of the points of contact of b, e passes through eg. 

Similarly the join of the points of contact of a, d posses through eg ; 
that of e, d pas.ses through ef ; that of a, b passes through ef ; that 
of b, d pa.ssce through fg ; that of a, c passes through fg. 

ef, fg, ge are diagonal points of the quadrangle formed by the 
points of contact of a, 6, c, d. Q.E.D. 
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41. PQ is a variable diameter of a 6xed cir^-le ; A is any fixed point 
Find the locus of the orthocentre of triangle APQ,. 

42. P is a variable point on the circumcircle of the fixed triangle ABC ; 
AP, BP, CP meet BC, CA, AB at F, G, H ; prove that each side of the 
triangle FG H passes through a fixed point. 

43. PQ is a variable diameter of a fixed circle ; A is any fixed point ; 
AP, AQ CTit the circle at R, S; prove that RS posses through a fi.xed point. 

44. Using a rnler only, constroct the polar of a given point w.r.t. a 
given circle. 

45. Fsing a ruler only, construct the pole of a given line w.r.t. a given 
circle. 

46. Fsing a ruler only, constnict the tangent to a given circle at a 
given |ndiit. 

47. If, in Fig. C2, PEQ is a chord through E parallel to FG, and if O 

A 

is the centre of the circle, prove that OEP = 00®. 

48. A, B are two fixed points ; PQ is a variable chord of a fixed circle 
and jias-ses through A : BP, BQ meet the circle at R, S ; prove that RS 
piiajics tiiroiigh a tixed point. Enunciate the dual theorem. 

49. In Fig. <12. prove that the circle on AC os diameter is orthogonal 
to the circle PEG. 

50. AB. CD are chords of a circle intersectinc at O ; the tangents 
at A. D meet at P ; the tangents at B, C meet at Q ; prove that P, O, Q 
are collincar. 

51. Two sides of a triangle self ronjugate to a given circle cut the 
rinlr at four pi'ints fonning a qjiadrangle ABCO ; prove that the bisectors 
of the angles ABC, ADC meet on AC. 

52. Through a fixed point O are drawn two variable chords POQ, 
ROS of a fixed circle ; find the locus of the meet of PR, QS. 

53. If a circle rireumscribce a quadrangle, prove that its centre is the 
ortlkO< etitre of the diagonal point triangle. Enunciate the dual theorem. 

54. A quadrangle is Inseribcd in a circle 2; prove that the circles 
whose diauieten) are the siiles of the diagonal point triangle are ortho¬ 
gonal to 

55. What is the common sclf conjiigato triangle of two non-intersecting 
cir< les 7 

56. AB. BC. CD, DA are four tangents to a eirolo, centre O, and A', B', 
C . D' are their pf)ints of , ontact; if A'D', B'C' meet at P, prove that 
PO 10 i>eiq)cndicular to AC. 



CHAPTER X. 

INVERSION. 

Dtfiniixon. 

If on the line joining a given point O to a point P, a point P* ia 
taken such that OP . OP' where k is a given constant, then P' 
is called the inverse point of P w.r.t. the centre or origin of inversion 
O or w.r.t. the circle, centre O, radius which is called the circle 
of inversion i k is called the radius of inversion. 

If the point P traces out a curve tbcD the point P' will trace 
out a curve 2', which is called the inverse curve of 2 w.r.t. O, radius k. 

This dciinition of inverse points agrees with that given on page 88. 

If O is 6xed, but k receives different values, the position and size 
of 2' is altered, but the shape remains the same ; in other words, the 
various curves 2^ will all be homothetio to each other. Conse- 
qucotly, in general, the actual numerical value of k is immaterial 
and is not specified. In such cases, we shall speak of inverting 
w.nt, O. and leave out all mention of k. 

In order to obtain a general idea of the process, the reader should 
take (i) groups of isolated points, (ii) various curv'cs, and draw 
freehand the rough shapes of their inverses w.r.t. any selected origin 
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THEOREM 51. 

(1) If a straight line is inverted w.r.t. a point O on it, the inverae 
is the same straight line. 

(2) If a straight line is inverted w.r.t. a point O outside it, the 
inverse is a circle through O. 

(3) If a circle is inverted w.r.t. a point O on it, the inverse is a 
straight line. 



(1) By definition, each point on the line inverts into another 

point on the same line. Q.E.D. 

(2) From O, draw OA perpendicular to the line; take any point 
P on the given lino, and let A', P' bo the inverses of A, P w.r.t. O. 

Since OA . OA' = OP . OP', A'APP' is a cyclic quadrilateral. 

OP'A' = OAP = 00®. 

P' lies on the circle on OA' as diameter. 

the inverse of the straight line is a circle through O whose centre 
lies on the perpendicular from O to the line. 

(3) Let OA' be the diameter through O of the given circle. Take 
any point P' on the circumference, and let A, P be the inverses of 
A'P' w.r.t. O. 

Since A', A, P, P'are concycUc, PAA' = OP'A' = 90®, since OA'ie a 
diameter. 

P lies on a line through A perpendicular to OA. 

the inverse of the locus of P' is a straight line. 


Q,E.D. 
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THEOREM 52. 


If a circle is inverted w.r.t. a point O wliich does not lie on the 
circle, then the inverse is another circle. 



Let P be any point on the given circle 2, and let OP meet 2 again 
at Q. Let P' he the inverse of P. 

Then OP . OP' =it*, where k = radius of inversion, and OP . OQ =^*. 
where I = tangent from O to 2. 

OP' I* 

OQ “constant. 

as Cl traces out S, P' traces out a homothetic circle 2'. Q-E.D. 


It IB iinportaTit to notice that the centre D of 2^ is fiot the inverse 
of the centre C of 2. [See Ex, 0.) 

Notice also that P' describes 2" in the opi>osite direction to that 
in wliicb P describes 2» if O lies ouLside 2, 

The reader should also consider what dilTerencc there is in the 
proof, if O lies inside 2, 

It is clear from the proof that O is a centre of similitude of 2 
and 2\ 
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theor: 


Wi'i 



The angle at which two corves out is eqoal to the angle at which 
their inverse curves cut at the corresponding point of intersection. 



O IS the centre of inversion ; P, P' are the corresponding points 
of intersection of the two curves. Through O, draw any line OQRR'Q' 
cutting the two pven curves at Q, R and their inverses at Q', R'. 

Since OQ. 0(i' = 0P. OP' = OR. OR', PQQ'P' and PRR'P' are 
cyclic quadrilaterals. 

OPa = OQ'P' and OPR=OR'P'. 

QPR=Q'P'R'. 

Now, when the line OQ moves up to the line OP, the limiting 
positions of PQ, PR and P'Q', PR' are those of the tangents at P 
and P' to the curves. 

the angle of intersection is unaltered by inversion. Q.E.D. 

In particular, note the following: 

(i) Orthogonal circles in general invert into orthogonal circles. 

(ii) If two orthogonal circles intersect at A, their inverses w.r.t. 
A are two perpendicular straight lines. 

(iii) If two orthogonal circles are inverted w.r.t. a point on one of 
them, the inverse is a circle and a diameter of that circle. 

(iv) If two curves touch each other, the inverse curves touch 
each other. 

The process of inversion constitutes one form of correspondence 
between two geometrical systems: and to any property which the 
first possesses, there must correspond a property of the second. 
The process therefore will sometimes yield a proof of a property by 
showing that it corresponds to some known (simpler) property. An 
example is given to illustrate this method. 
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Example. 

Three circles S^, S„ S# cut one another orthogonally: if their 
common chorda are AB, CO, EF, the circles ACE, ADF touch a*- A. 



Fio. e?. Fio. 68. 


Invert w.r.t. A and denote by dashes corresponding points, lines 
or circles in the inverse figure. [To avoid confusion, the inverse 
figure is drawn by itself: actually, of course, the two figures are 
really superimposed.]. S, and S, become straight lines, S,', S,' 
orthogonal to the circle Sj', and are therefore diameters of S|', so 
that B' is the centre of Si^ 

Now the circles ACE, ADF become the straight lines C'E', D'F', 
which are from symmetry parallel to each other. 

the circles ACE, ADF touch each other at A. Q.E.D. 


1. What is the inverse of a circle w.r.t. its centre T What is the 
inverse of two parallel straight lines ? 

2. Regarding a straight line as the limiting form of a circle, when the 
centre is at infinity, find the inverse of a point w.r.t. a straight line. 

3. What is the inverse of a parallelogram w.r.t. any point 7 

4. A system of circles all pass through two points A, B ; what is the 
inverse of the system w.r.t. A 7 

6. Invert w.r.t. O the following known theorems : 


(1) From any point outside a circle, two lines can be drawn to touch 
a given circle OAB. 

(U) OBC is a triangle; a parallel to BC cuts OB, OC at D, E; 
OD OE 

^ = or 
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(lii) O IS a fixed point and P a rariable point on a fixed line ; OP it 

OP 

produced to so that is constant; then the locos of Q is 
a parallel lino. 


6. With the notation of Theorem 62, prove that *_ 
hence show that C, D cannot be inverse points. 

7. O is an7 point on the common chord of two circles 


OC t* . 
=711, and 


by inverting w.r.t. O. each circle can be inverted into itself. 


prove that. 


8. What is the inverse of two circles and their four common tangents ? 

9. P. Qt R arc three points on a circle, centre A ; PQ, PR are pro* 
duced to H, K BO that PQ , P H = PR . PK ; prove that PA is perpen¬ 
dicular to HK. 


10. A. 6, C are three coUinear points. Two variable equal circles 
PAB, PBC meet at P; prove that the locus of P is a straight line. 

11. Provo that the inverse of a plane w.r.t. a point O outside it is a 
sphere through O. 

12. Provo that the inverse of a sphere is either a plane or a sphere. 

13. Prove that the inverse of a circle w.r.t. a point O not in its plane 
is another circle. 


14. If C is the mid-point of AB, and if A', B', C' are the inverses of 
A, B, C w.r.t. any point O on AB, prove that {OC'; A'B'} is harmonic, 

15. PQ. RS are common tangents to two circles PAR, QAS ; prove 
that the circles PAQ, RAS touch each other. 

16. A', B', C'. D'are the inverses of A, B. C, D ; if {ABCD}i8 harmonic, 
prove that A'B'C'D' form either a harmonic range or a harmonic system 
of points on a circle. [Use Theorem 44.] 

17. T is a variable point on a circle 2, ; PQ is the chord of contact 
of the tangents from T to another fi.xed circle 2* ; prove that the locus of 
tho mid-point of PQ is in general a circle. What is the exceptional case ? 

18. B is a point on the base AC of the triangle OAC : prove that the 
elrcunicentres of tho triangles OBC, OCA, OAB aro concyclic with O. 

19. A is a fixed point, PAQ is an angle of fixed size and the triangle 
APQ ia of constant area. If P lies on a fixed circle, find the locus of Q. 

20. Three circles BOC, COA, AOB ore such thot tho centres of BOC, 
COA lie on OA, OB ; prove that tho centre of AOB lies on OC. 

21. A circle S passes through tho centre of a circle 2 ; tho external 
rominon tangents to S and 2 touch S at P, Q and meet at O. Prove 
that PQ touches 2. 

22. O, A, B, C, H are five points such that the circles OAB, OCH, 
and also the circles OBC, OAH ore orthogonal; prove that the circles 
OCA. OBH are also orthogonal. 

23. Prove that if a straight line is cut harmonically by two orthogonal 
circles, it must be a diameter of one. (Use Ex, 16.) 

24. What is the inverse of two circles and the line joining their oentrea f 
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25. Two lines are drawn from a fixed point and contain a constant 
anf^ie and cut a fixed line ; prove that the circumcircle of the triangle 
so formed touches a fixed circle. 

26. A variable circle touches a fixed circle and cuts another fixed 
circle orthogonally; prove that it also touches another fixed circle. 

27. A» 6 are fixed points on a fixed circle P is a variable point on Z ; 
O is any other fixed point. Prove that the circles OAP» 06P cut at a 
constant angle. 

28. Invert w.r.t. O the theorems : 

(i) O is a fixed point on the fixed circle on AB as diameter^ P is a 

A 

variable point on the circle ; then APB ^00^. 

(ii) OP» OQ are variable chords drawn through a fixed point O on a 

fixed circle, and are equally inclined to a fixed cho^ OA ; then 

PQ is fixed in direction. 

(iii) It is possible to draw an uoliuiited number of concurrent straight 

lines cutting a given circle orthogonally. 

(iv) The opposite angles of the cyclic quadrilateral OABC arc supple¬ 

mentary. 

29. If the circumcircles of the triangles ABC» ABD are orthogonal, 
prove that the circles CAD, CBO are also orthogonal. 

30« A, B are two fixed points on a circle ; PQ is a variable diameter; 
AP meets BQ at R ; prove that the locus of R is a circle through A, B 
orthogonal to the given circle. 

SI. Two circles intersect orthogonally at P ; O is any point on any 
circle touching the former circles at Q, R ; prove that the circles OPGU 
OPR intersect at an angle of 45^. 

32. Explain the fallacy in the following argument: AB and CD are any 
two straight lines : O is a point on neither; AB and CD invert w.r.t. 6 
into two circles intersecting at O. But O is the inverse of a point at 
infinity ; therefore the original lines AB, CD intersect at infinity and are 
therefore parallel. 

33. A variable sphere is described through a fixed point to touch two 
fixed spheres ; prove that the locus of each point of contact is a circle. 

^ 34. Four intersecting lines form four triangles ; prove that their 
circumcircles are concurrent, at P say, and that their circuiuccntrcs 
and P lie on a circle. 

35. A% B't C' arc the inverses of three fixed points A, B, C w.r.t. a 
variable circle, centre P. Find the locus of P if A^B'C' is a right-angled 
triangle. 

36. Two circles in diflerent planes both touch the lino of intersection 
of the planes at the same point. Show that if a variable plane touches 
both circles (at P, Q say), it passes through a fixed point O, and 
OP . OQ is constant. 

37. ABD, CAE, BCF are three circles touching each other at A, 6, C ; 
the common tangent at C passes through D, and DAE, DBF are straight 
lines; prove that EF touches the circles at E and F. 
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THEOREM 54. 


P' and Q' are the inverse points of P, Q w.r.t. O ; Pi» p, are the 
lengths of the perpendiculars from O to PQ and P'Q'; then 


P'Q' p, k* OP'.OQ' 
PQ Pi OP.OQ k* 
where k is the radius of inversion 



Draw OF, OG perpendicular to PQ, P'Q . 

Since P, Q, Q', P' are concyclic, OPQ = OQ'P'and OQP = OP'Q'; 
/. the triangles OPF, OQ'G, and also OPQ, OQ'P' are similar. 


Further, 


. OQ_OQ'_P'Q' P'Q' p, 
*• OF OP ~ PQ " ‘P^“^,* 

P'Q' OQ' OQ. OQ' OQ'. OP' 
PQ OP OQ.OP “ OP. OP' 

OP'.OQ' 

OQ . OP ~ ** 


Q.E.D. 


By means of this theorem, metrical properties in one figure can 
be transformed into metrical properties in the inverse figure. Note 
m particular Ex. 40. 
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THEOREia 55. 


(1) If a circle and two inverse points are inverted w.r.t. any point, 
then ^e inverse system is a circle and two inverse points. 

(2) If Cl and C, are inverse curves w.r.t. a circle 2, and if the 
system is inverted w.r.t. any point so that Cj, Ct. 2 become Cg', 
C|', 2', then Cg' and Cj' are inverse curves w.r.t. the circle 2'. 



Fio. 70. 



FiQ. 71 


(1) Let P, Q be two inverse points w.r.t. circle 2, centre A. 
Take any point O as centre of inversion. Draw a circle through 

O, P, Q, and call it S. Call the line APQ. L. 

Since S passes through two inverse points P, Q of 2 it is orthogonal 
to 2. [Th. 44.] 

When inverted w.r.t. O, 2 becomes a circle 2' and S becomes 
a straight line 8' orthogonal to 2% and a diameter of 2'. 
Also the diameter APQ of 2 becomes a circle L' through O orthogonal 
to 2'. 

the inverse points P', Q' of P, Q are the intersections of a 
diameter of 2' with a circle orthogonal to 2''# &nd are therefore inverse 
poinU of 2'. [Th. 44.] Q.E.D. 

(2) This follows at once from (1) by regarding Cj and Ci as formed 

of pairs of inverse points P, Q. Q.ELD. 
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There is one special case which deserves notice. 

If in Theorem 55 (l)i the point O lies on then 2^ is a straight 
line, and it bisects P'Q' at right angles: in other words, Q' is the 
reflection of P' in 2'. 

Consequently, if in Theorem 55 (2), the point O lies on 2, Ci' and 
C>' are reflections of each other in the line 2', and are therefore equal 
curves. 


THEOREM 56. 

If 0 is the point of intersection of the exterior common tangents 
of two circles C|, Cj. it is possible with O as centre of inversion 
to invert either circle into the other. 



OPP', OQQ' are the external common tangents of Ci and C*. 
Since OP = OQ. OP' = OQ', OP. OP' = OQ . OQ' = it» (say). 
Invert w.r.t. O and radius k : then P, Q invert into P', Q', 
Therefore inverts into a circle touching OP', OQ' at P', Q', 
and therefore into C|. Q.E.D. 

In other words, C, and C, are inverse circles w.r.t. the circle, centre 
O, radius k. Consequently, if H is any point on this circle, and if 
the sj'stero is inverted w.r.t, H, and Cj invert into equaJ circle*. 
The proof of this theorem also >'iclds another important result. 
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If through the centre of similitude O of two circles any line 
ORSS'R' is drawn, cutting Cj at R, S and C, at S', R', then 

OR . OR' = OS . OS'=a constant, 

for each 

In Theorem 66, the external centre of similitude was chosen for O ; 
the process may equally be effected w.r.t. the inlemai centre of 
similitude, but in this case k* is negative. 


38. Invert w,r.t. O : 

(i) A variable line is drawn through a Axed point O to cut two fixed 

lines at P» Q ; on OP» a point R is taken such that , then 

the locus of R is a straight line. 

(ii) [f two chords PQ, RS of a circle intersect at A» and if O is a {K>int 
on the circle, PA . AQ = RA . AS. 

39* Two circles intersect at OP ; thoir tangents at O meet the circles 
again at A. 6 ; if the oircle AOB cuts OP produced at Q, prove that 
0Q = 20P. 

40. [Extension of Ptolemy's Thfohrm.] If OABC is a ooD>cycUe 
4Qadrilateral» OA . BC 'f OC . AB > OB . AC ; but if the Quadrilateral 
is cyclic, OA . BC OC . AB = OB . AC. [Invert w.r.t. O, using 
Tb. 64.] 

41. O is a point on the minor arc BC of the circumcircle of the triangle 
ABC ; OPf OQ» OR arc the [perpendiculars from O to BCi CA» AB ; 

BC BA AC 

prove that Qp*Qp Generalise this for any inscribed polygon. 

42. A lino AB of constant length moves with its extremities on two 
fixed lines Ox, Ov ; A\ B' are the inverBes of A, B w.r.t. O ; prove that 
the envelope of A'B^ is a circle. 

43. A* 6. C» D are any four coUinear points : A', B\ C\ O' are their 

^AB.CD A B'.C'D' 
inverses w.r.t. any point O; prove that ^O^CB ^A'D ”’C'B'‘ 

44. O, A}, At* ••• arc a system of points on a circle ; prove that 

A|Aj A jA j A,^_ ,A^ A|A^ 

OAi . oX, OATToA, '*■ ”• OA,..,. OA„“^,To^' 

45. Three circles have a common point O ; OA. 08. OC are the 
common chords, and meet the remaining circles at D, E, F; prove that 

BD CE AF 
DC * 




EA FB 

46. Enunciate the inverse of Menclaua* theorem. 


47. Two circles Ca» C| intersect at A. B and cut orthogonally a circle 
S ; prove that A, B are inverse pointe w.r.t. S. 

48. P is the inverse of O w.r.t. a circle S ; if the system is inverted 
w.r.t. Of prove that P' is the centre of 
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49. Two fixed oiroleB cat at O ; a variable circle S toaobes the fixed 
circles; find the locus of the inverse of O w.r.t. S. 

50. Prove that the operations of inversion w.r.t. two circles are 
commutative if, and only if, the circles are orthogonaL 

51. X, X', and Y, Y' are pairs of inverse points w.r.t. a circle and lie 
on a diameter on opposite sides of the centre : P is any point on the 

circle; prove that XPY+X'PY' = 180*. 

52. A, B, C are three collincar points; O is a point, such that 

AOB = BOC=60*»; i = ^+^. 

.53. Qp R are the inverses of a point P w.r.t. two fixed circles : if P 
moves on a coaxal circle, prove that Q,R passes through a fixed point. 

Q. Q' are inverse points w.r.t. a circle Ci; R, R' ore the inverse 
points of Q,, Q' w.r.t. a circle Ct orthogonal to Ci; prove that R, R' 
are inverse poipls w.r.t. Cj. 

55. Cj is the inverse of a circle Cj w.r.t. a circle Z ; another circle 
touches Cl and Cj at P, Q,; if both the contacts are internal or both 
e.xtemal, prove that P, Q are inverse points w.r.t. Z. 

56. Cl, Cl' and Cj, C*' are pairs of inverse circles w.r.t. a circle Z; 
O is any point on Z ; prove that the inverses of O w.r.t. Ci, Ci', C|, C|' 
are conc 3 ’cIic. 

57. P' is the inverse of P w.r.t. a circle ; QP'R is any chord ; prove 
thot PP' bisects QPR. 

58. If the circles inverse to the given circles ACO, BCD w.r.t. a point 
P are equal, prove that the circle PCD bisects the angle of intersection 
of the given circles. 

59. Show how to Invert three given circles Into three equal circles. 

60. Four circles A, B, C, D all touch a fifth circle ; also A touches B 
at P, B touches C at Q, C touches D at R ; if the circle PQ,R cuts A, B, 
C. D orthogonally, prove that a second circle can be drawn to touch 
A, B. C, D. 

61. OABC, OA'B'C' are two straight lines, such that B, B' are the 
mid-points of AC, A'C'; prove that the circles OAA', OBB', OCC' have 
a common chord. 

63. A variable circle touches a fixed circle, and is such that the tangent 
to it from a fixed point is of constant length ; prove that it also touches 
another fixed circle. 

63. A circle tenches two circles 8j, Sg externally at P. Q; prove that 
PQ. passes through the external centre of similitude of Sg, Sg. [Invert 
so that Si turns into Sg.] 

64. A circle touches externally two other circles at A, B and meets 
their common chord at P, Q ; prove that AP, BP, AQ, BQ meet the two 
oircloB at the points of contact of their common tangents. 
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65. A point P is ioTcrtod euocessiyely w.r.t. foar circles, each of which 
is ortbogonsJ to the others; p.ove that it returns linaLiy to its original 
position. 

66. I'he extremities of a line PQ of constant length move on two 
6zed lines OX, OY ; PK, Q.K are drawn perpendicular to OP, OQ ; 
prove that the locus of K is a circle. 

67. O is a point of intersection of two orthogonsd circles, centree A, B t 
a line POQ cuts the circles at P, Q; prove that the mid point of PGL 
subtends a right angle at AB. 

68. A system of circles is drawn to cut a (riven circle ortbosonally at 
two points of i/fte section and to pass through a given point not in the 
plane of the circle. Prove that they intersect in another ooinmun point. 

Hence show bow a circle and a point not in its plane can be inverted 
into a circle and its centre. 

69. [Casey's Theorem.] < is the length of a common tangent of two 
circles, radii a, 6; <' is the length of the corresponding common tangent 
of their inverses w.r.l. any point, and a\ b' tne radii of their Inverses; 

;l f'S 

prove that —l=“v— n- 
a . o a . 0 


70. OAA*. OBB' are two straight lines, such that AB', A'B inteiseci. 
on the bisector of the angle AO B j prove that 

71. [Feuerbach s Theorem.] The nine>point circle of any triangle 
touches the incircle and each excircle. [With the usual notation, prove 
that the inverse of the nine-point circle w.r.t. A' and radius of inversion 
A'X is the fourth common tangent of the incircle and excircle, centre Ij,] 

72. (PeancelUer's Cell.) Four equal rods, of length a, are jointed 
to form the rhombus ABCO ; twoei|ual rode OB. OD.of length 6 (6>a) 
^ jointed at one end O, and their other extremities are jointed to B. D * 
O IS kept fixed. If A traces out any curve, prove that C traces out the 
iDvereecurvew.r.t. O and that 


73. Four equal rods, of length a, are jointed to form the rhombus 
PQRS; two ©gual rods OO, OS. of length 6 (a >&). are jointed at one 
end O, and their other extremities are jointed to Q, 8 ; O is kept tixed. 
If P traces out any curve, prove that R traces out the inverse curve 
W.r.t. O and that ia oegative aod -a^ 

If now P is jointed to a fixed point A by a rod AP.of length OA, prove 
that R trac^ out a straight line, the perpendicular distance of which 

from O ia - « where OA so. 

traced out oy R la 


Prove alao ahat the leogtb of Une which oao be 

o -6 




D.^.O 


a 
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ANALYTICAL METHODS. 

By using polar coordinates, it is easy to apply analysis to InTeision 



PlO. 73. 


Take the origin at the centre of inversion, and let the radius of 
inversion be k. 

Let {r, 0) be the coordinates of any point P and (r', $') the 
coordinates of the inverse point P'. 

Then rr' = k* and 0 = 0\ 

if P traces out the curve y(r, ^)=0, P' traces out the curve 

/(t •«)=«• 

For example, the equation of any circle is 
z*+y* + 2yz+2/y+c=0 or r*+2r(p cos 0+/Bin 0)+c=0. 
its inverse w.r.t. the origin is 

k* 2k* 

—t+^{gcos0 +/8in 0) +c=0. 

Of cr*+2A:*r(5co3 ^+/8Ln +)t<=0, 

which is another circle, unless c =0. 

The following list contains a few simple examples of inverse 
curves, inversion in each case being w.r.t. the origin. The reader 
should draw freehand the shapes of these various curves. 
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(I) r cos d, a circle through the origin : its inverse r cos 0 = - 
is a straight line. 

(ii) -=l+co3d, a parabola, origin at the focus: its inverse 
k* 

r——(1 +cosd) is a Cardioid. which has a cusp at the pole, i.e. the 


origin* 

(ill) — s 1cos df a coniCi origin at the focus; its inverse 

r = — (1 -fe cos d) is a Lima^on whose polo is the origin* 

(iv) X* - y* =a* or r* cos 2^ =a* is a rectangular hjT)erbola* origin 

at the centre - its inverse r* = —cos 20 is called a Lemniscate, which 

a* 


has a double point at the pole» i.t. the origin* 

(v) y* =px or r sin’ 0 cos d is a parabola* origin at the vertex : 

ik* 

its inverse r cos 0^ — i^in* 0 is called the Cissoid of Dioclee. which has 

P 

a cusp at the polo* the origin. 

In the following examples, where a result is to be proved* an 
elementary knowledge of geometrical conics is required* 


74* Invert w,r.t. O : if the tangents at t he p oints P* Q* R of a cardioid* 
pole O, are parallel* then VOP ±n^OQ±^OR =0. 

75* Invert w.nt. S : the circumcircle of the triangle formed by three 
tangents to a parabola passes through the focus S* 


76* Invert w*r*t. S : if PSQ is a variable chord of a paral>o)a* focus S, 
then sJL + sJLr is constant* 


PS sa 


77* Invert w*r*t. C : if PCQ. is a diameter of a rectangular h> 7 >erbola* 
centre C» and if LR is any chord* then the suiglcs LPR* LQR are equal 
or suppleinentary. 

78* A circle is drawn through the pole O of a cardioid to touch the 
curve at P and meets the axis again at T; prove that OP^OT* 

79* A variable circle is drawn through the pole O of a cardioid to 
touch the curve ; prove that the locus of the extremity of the diameter 
through O is a circle. 

80* A variable circle is drawn through the pole O of a cardioid to touch 
the curve ; if P is the point of contact* prove that the diameter of the 

circle varies as v'OP* 
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81. A circle is drawn through the pole O of a cardioid to cut the 
eur\-e orthogonally at P ; if it cuts the axis at G, prove that OG = OP. 

82. POQ is a variable chord of a Lima^on, pole O; two circlea are 
draw n through O to touch the curve at P, Q respectively : if they meet 
again at R, prove that the locus of R is a circle. 


83. Invert w.r.t. S : a circle of constant radius pa.<»scB through the focus 
S of a conic and cuts it at A, B, C, D ; then (i) SA. SB . SC . SO is 

constant; (ii) + ' + ' ia oonatant. 


84, Invert w.r.t. O • (i) the tanj;ent« at the ends of a chord through 
the pole 0 of a cardiiiid are at right angles ; (ii) the nonnals at the ends 
of a variable chord through the pole O of a Lima^on intersect on a fixed 
cir<'lo. 


85. Invert w.r.t. C i two rectangular hyperbolas have the same centre 
C : if the axes of one are the asymptotes of the other, then they cut 
orthoixonallv. 

86. The cusp of a cissoid ia at A, and AX is the taniront to the cusp; 

a 1 irclc is drawn through A to touch the curve at P and cuts AX at Q ; 
a line through P pcrj^cndicular to AP mceU AX at R: prove that 
QA=AR, * 

87. If the cun’e /(r, 5)=0 is transferred by the substitution r^R\ 
$ s prove that tfie angle at which any two cun*es cut ia equal to the 
angle at which the correspondiDg cur\'M cut at the correspofiaing point 



CHAPTER XI. 

COAXAL CIRCLES. 

Definiliom. 

(1) If A is the centre of a circle, radius a, and if P is any point, 
AP* —a* is called the power of P w.r.t. the circle. 

Note that if P lies outside the circle, and if PH is the tangent from 
P to the circle, the power of P w.r.t. the circle = PH*. 

(2) The locus of a point P which moves so that its powers w.r.t. 
two circles are equal is called the radical axis of the two ciicles. 

Note that points so situated that the tangents from them to the 
two circles are of equal length lie on the radical axis. 

(3) If a system of circles is such that the radical axis of any pair 
is the same as that of any other pair, the circles are said to form a 
coaxal syalem. 

For example, all circles which pass through two fixed points AB 
form a coaxal system, and AB is the radical axis. 

&Iany of the properties of coaxal circles admit of simple analytical 
treatment. 

For this purpose, the following abbreviations are useful: 

S| = X* +2<7iZ -» 2/jy +c„ 

Si(^, yj)=^*+V* + + ViV + Cu 

and similarly for S|. St, etc. 

The equation of any circle Si =0 can be written in the form 

(x +ffi)’ +(y +/i)* +/i“ -Cl. 

This shows that its centre is ( -/i) and its radius 

=s/(i?i*+/i“-ci). 
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L The length of the tangent from (^, 17 ) to Si=0 ia '/Si(^, 17 ). 
Let PH be the tangent from P to the circle, centre A, whose equation 
is Si=0. (See Fig. 74.) 


Now P 18(^7^) and 

PA*=(^+?,)«+(7,+/,)«. 

/. PH* = PA«-AH*=(^+gi)«+(,+/»)*-(gi*+/i*-Ci) 

=^* + 7* +2?i^ + 2/177 +Ci = S,(f 77 ). 

PH =N/Si(f 77). 

II. The radical asds of two circles is a straiglit line which pasaea 

through the points of intersection (real or imaginary) of the two 
circles. 

Let S, =0 and S, =0 be the two circles: let (^, 77) be any point 
on their radical axis. 

■■■ ^/s 7 £^^)=vs,(^. 77)- 

.*. t*+i7*+2g,^+2/,77+Cj=^*+,7*+2j^+2/,77+c„ 

-£?,) +277(/, -/i)+c, -c,=0. 

the locus of (^, 77) is a straight line. Q.E.D. 

Further, any point whoso coordinates satisfy S, =0 and S,=0 
must satisfy S, =S„ which is the radical axis. 

.•. the radical axis posses through the common points of S| =0 
andS,=0. q^j;.D. 

IIL The three radical axes of three circles taken in pairs are 
concurrent. 

Let Sj =0, S, =0, S* =0 be the three circles. 

I-et (^, 77) be the point of intersection of the radical axis of S, «0, 
S, =0 mth the radical axis of S, =0, S, =0. 

S,(^, t7) =S,(^, 77) and S,{^, 77) =S,(|, 17) 

77) = S,(^, 77). 

.*. (t. 77) lies on the radical axis of S, =0, S, =0. Q.E.D. 


IV. A point P moves so that the lengths of the tangents from P 
to two given circles are in a constant ratio A; then the locus of P 
is a cixclo, coaxal with the given circles. 

Let S, =0, S, =0 be the given circles, and let (^, 77) be coordinates 
of P. 
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Then or S.(f. - A*S.(f. =0. 

the locus of P is Sj(ar, y) - A*S,{x, y) =0. 

But this is a circle, for the coefficients of x* and y* are equal and 
the coefficient of xy is zero. 

Further, it is coaxa] with Sj =0 and St =0, for the coordinates of 
any point which satisfy Sj =0 and S, =0 must satisfy Si - A*St =0. 
Consequently, Si — A*St ~0 passes through the points of intersection 
of Si=0, St=0, and is therefore by II. coaxal with them. 

V. (i) Any circle coaxal with Si=0 and St=0 can be written 
in the form Si+k. S* =0, where k is an arbitrary constant-. 

(ii) If P is a variable point on a given circle coaxal with two given 
circles Si =0, St =0, then the ratio of the tangents from P to Si =0 
and S^sO is constant. 

The proof is left to the reader. 

VI. If the axes of reference are chosen so that the y-axis is the 
radical axis of a system of coaxal circles, and so that the z*axis passes 
through the centre of one of the circles, then any circle of the sj'stem 
can be written in the form x*+y*+2/\x+c =0, where A varies and 
e is constant. 

Let the equation of the one circle whoso centre lies on the x-axis 
be X*-t-y*+ 2 r 7 x+c=0 . 

Let any other circle of the system be x* +y* +2^iX +2/xi/ +Ci =0. 
the radical axis is 2 (yt-y)x+2 /,y+Ci —c =0. 

But the radical axis is x^O; .*. /i=0 and Ci^c. 

any other circle of the system becomes x* + y* -r 2yiX + c =0. 

Q.E.D. 

Since, for different values of A» x*+y*+2Ax+c =0 represents 
di0erent circles of a coaxal system, and since 

X* +y* +2Ax + c=(x+A)*+y*+c-A*, 
if wo choose A*=c or A=±V^, the two circles (x±.^c)*+y* =0, 
so obtained, are members of the coaxal system. 

Those are circles of zero radius or point-circles. Therefore every 
coaxal system possesses two point-circles ( +^e, 0) and ( —»Jc, 0), 
real or imaginary, which are called the limiting poinla of the system. 
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VIL The polara of a fixed point P w.r.t. the circles of a coazal 
system ail pass through the same point Q; and PQ is bisected by 
the radical axis. 


(^, 1 )) be the coordinates of P, and let +y*+2Ax+c=0 be 
any circle of the system. 

The polar of P is +^77 + A(x+^)+c=0, 

(^+y»7 +c) + A(x +^) =.0. 


Now, for all values of A, this passes through the point given by 
x+^=0, xf+y» 7 +c=s 0 , i.e. ^- -J: this then is (1, and the 

coordinates of the mid-point of PQ are (o, + which lies 

on the radical axis, ' i-k w t. 


THEOREM 57. 

The radical axis of two circles is a straight line perpendicular to 
the line joining the centres of the circles. 



A, B are the centres. Let P be any point on the radical axi& 
Draw PO perpendicular to AB. 

PA*-AH* = PB>-BK*, by Definition. 
PO»+OA*-AH* = PO*-t-OB*-BK*. 

♦*. OA* — OB* =AH* — BK* =constant. 

.. (AO -K OB){AO — OB) = AB(AO — OB) = constant* 

O is a fixed point. 

the locus of P is a line through O perpendicular to AB. 

Q.E.D. 
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If the circles intersect at real {>oints C, D, then P lies on CD. or the 
common chord is the radical axis. 

If a system of circles is coaxal, their centres must be coUinear ; 
for if A is the centre of one circle, the centres of all the other circles 
must lie on the perpendicular from A to the radical axis. 


THEOREM 58. 

The radical axes of three circles taken in pairs are concurrent. 
Let Sx, Ss. Ss be the circles and Lx, Lj. L| the radical axes of the 
pairs Sj, Sj ; Sj, S, ; Si, S.. 

Either Li, L,, L, are all parallel, or two of them, say L, and L,, 
meet at O, say. 

Since O lies on L|, the power of O w.r.t. S* equals its power w.r.t. S*. 
Since O lies on Lx, the power of O w.r.t. S| equals its power 
w.r.t. S|. 

.•. the power of O w.r.t. Sx equals its power w.r.t. S*. 

.’. O lies ou the radical axis of Sx and t-e. Lj. Q.E. D. 

Definition, 

The point of intersection of the three radical axes of thiae circles, 
taken in pairs, is called their radical centre. 
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THEOREM 59. 

(1) If the line of centres of s coazal system meets the radical *^ii 
at O, and if A is the centre and a the radius of any one circle of the 
system, then OA* -a* is constant. 

(2) If the centres of a system of circles are collincar, and if O is a 
point on this line such that its powers w.r.t. aU the circles are equal, 
then the system is coazaL 



(1) Since the circles are coaxal and O is on the radical axis, the 

powers of O w.r.t. all the circles arc equal; but the power of O is 
OA»-a>. 

OA*-o* is constant. Q.E.D. 

(2) Since the powers of O w.r.t, any two of the circles are equal, 
the radical axis of those two circles is the line through O perpendicular 
to the line of centres. 

This is therefore the same line for each pair of circles; therefore 
the system is coaxal. 

This theorem gives one way of constructing a system of coaxal 
circles. 

Take a line OX, and on it mark any number of points P, Q, R, S,... I 
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take any constant c, and calculate the numbers p, q, r, t, ... , given 
by the equations 

c = OP> - J3* = 0Q* -g»=OR* -r«=... . 

Then p, q, r,... are the radii of the circles, centres P, Q. R. 

which form a coaxal system. The reader is advised to do this as 
a numerical example, taking some definite value for cl 

Two cases arise, resulting in two apparently dilTerent types of 
systems. 

If c is positive, no two circles ctit each other at real points, and the 
tangents from O to all circles of the system are equal to ^e. 

If c is negative, every circle of the system cuts every other circle 
at the same two points, viz. two points E, F on the radical axis, such 
that OE»=OF*= -<5 , 

The best way of understanding this is to draw the two systems 
corresponding, say, to c= + 9 and c= -4, taking 1 inch as the 
unit of length. 

Consider now the system defined by the equation 

c = OP*-p* = Oa*- 9 «=..., 
end suppose c is positive and ~k*. 

Take two points L, L' on the line OPQ,. such that L'0 = OL=I;. 

Then the radii I, V corresponding to the circles, centres L, L'. 
which belong to the system, are given by Ir* = OL* -/• = OL'* - 
but OL» = OL'*=^» ; .'. 

.*. the circles, centres L, L', which belong to the coaxnl system 
are of zero radius or are point-circles. If c is negative and equal 

to -k*, we should have L'O bo that the points L, L' 

are imaginary. 

Definilion. 

The two point-circles of a coazal system are called the limiting 
points of the system. 

The tangent from any point to a point-circle is of course simply 
the line joining the two points. Therefore, if L, L' are the Umiting 
points, OL = OU'’ = the tangent from O to any other circle of the 
system. 

In the following work, L, L' will be taken to represent the limiting 
points, unless otherwise stated. 
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1. A circle 2 cute a circle S, at A. B and a circle S, at C, 0 ; prova 
that AB, CD intereoct on the r^ical axis of Sj, S*. 

2. What is the radical axis of two circles which touch each other ? 

3. A circle 2 cnU the coaial circles S,. Sj, S, at ; P„ Q,j 

P,. Qj; prove that PjQj, P,Q„ P.Q, are concurrent. 

4. P» Q.. P. S are the mid-points of the four common tangents of two 
circles ; prove that P, Q, R, S are collinear. 

5. A common tangent PQ of two circles cats a circle coazal with them 
at R. S ; prove that {PQ ; RS) is harmonic. 

6. If a circle is orthogonal to each of two circles, prove that its centre 
lies on the ra<lii'al axis of the two circles and that it passes through their 
limiting points. 

7. P is a point on the radical axis of two circles; prove that the polar* 
of P w.r.t. the circles meet on the radical axis. 

8. Construct the radical axis of two non-intersecting circles. [Use 
Rx. 1.] 

9. S,. Sj. Sj are three circles : if the centres of Si. S, H© on the 
radical axes id Sj, S3 and S3, S, respectively, j)rovo that the centre of Sj 
lies on tile radii.al a.\ia of Si, S3. 

10. Prove that the radical axis of tho incircle and one eicircle bisects 
one side of the trian::Io. 

11. A, B, C, D are four circles : if (AB) denotes the radical axis of A 
and B, etc., and if (AB) is pcrpenrlicular to (CD), and if (AC) is pcrjien- 
diciilar to (BD), prove that (AD) is perpendicular to (BC). 

12. A, B, C are tho points of contact of three circles, each of which 
tom lies the other two; prove that tho tangents at A, B, C arc con¬ 
current. 

13. P. Q. R are points on BC. CA, AB ; prove that the radical centre 
of flic I inks whose tliamctcra arc AP, BQ, CR is the orthocentre of 

ABC. 

14. 'three circles are such that each intersects the other two; prove 
that the common chord.s arc concurrent. 

15. 'I'wo circles intersect at P. Q and cut a third circle S orthogonally ; 
prove tli.at P. Q are inverse points w.r.t. S. 

16. ABCD is a fixed cyclic cpiadrilateral : two circles PAB, PCD are 
drawn to touch at P ; prove that tho locus of P is a circle. 

17. Prove tluit the locus of the centre of a circle which bisects the 
circumferences of two given circles is a straight lino. 

18. Show how to construct a circle orthogonal to each of three given 
circles. 

19. Provo that the cin lo on LL' os diameter is orthogonal to every 
cin le of the coa.xal svstem. 

to 

20. P ‘9 any point on tho radical axis, PH is a tangent to a circle of 
the system ; prove that PH = PI- 



COAXAL CIRCLES 


129 


21. PQ is a common tangent to two circles of a coazal aystcm ; prove 
that PLQ=90^ 

22. Prove that the tangent from L to any circle of the coaxal system 
IB biacctcd by the radical axis. 

23. If two coaxal systema have one circle in common^ prove that 
there is one circle orthogonal to all the circles. 

244 A variable circle passes through two fixed points A» B and cuts 
a fixed circle at P» Q ; prove that PQ passes through a fixed point. 

25« AO, BE, CF are the altitudes of ABC ; P is any point ; prove that 
the circles PAD, PBE, PCF are coaxal. 

26. ABCO IB a cyclic quadrilateral ; 8 is any circle having A, B as 
limiting points ; X is any circle having C» D as limiting points; prove 
that the radical axis of S and X passes through a fixed point. 

27. Prove that the centroid of three uniform thin rode farmin g a 
triangle is the radical centre of the three excircles of the triangle. 
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THEOREM 60. 

(1) If ft circle cate each of two circles orthogonally it passe® 
through their limiting pointe and is orthogonal to every circle 
coaxal with theni« 

(2) The limiting pointe of a coaxai system are inverse pointe 
w.r.t. any circle of the system. 



(1) Let the circle 2, centre P, cut circles Sj, St orthogonally at 
H, K. Then PH, PK are tangents to Si, S, and PH =PK radu ; 

P lies on the radical axis of Si and S*. 

Let L, L' be the limiting points of Si, S;; regarding them as 
point circles, so that PL, PL' are tangents, we have PL = PL'= PH. 

L, L' lie on 2- Q.E.D. 

Let any other circle S* of the system cut 2 at F. 

Then PF = PH radii: but P lies on the radical axis. 

PF is a tangent to S#. 

2 cuts Sj orthogonally. Q.E.D. 

(2) By Theorem 44, if a circle 2 cuts any circle S, orthogonally, 
it cuts any diameter of S* at points inverse to S>. 

.• L, L' are inverse points w.r.L any circle of the coaxai system. 

Q.E.D. 
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THEOREM 61. 

The polare of a given point P w.r.t. the circlee of a coaxal syetem 
are concurrent: and if R is the point of concurrence, PR is bisected 
by the radical axis. 



Let L. L' bo the limiting points of the coaxal eystom. 

Describe a circle 2 Ihroxigh P, L, L'; then 2 is orthogonal to 
every circle of the flystcin. 

Let A bo the centre of uny circle S of the eystem ; join AP cutting 
2 at Q,. 

Since S, 2 are orthogonal, P and Q arc invcrbc {roints w.r.t, S. 

Let PR be a diameter of 2 ; join RQ,- 

Since RQP=90'’, RP being a diameter, and since P, Q arc inverse 
points, RQ is the polar of P w.r.t. S. 

the polar of P w.r.t. S posses through the fixed point R. Q.E.D. 

Further, since 2 posses through L, L', its centre lies on the per¬ 
pendicular bisector of LL', i.«. the radical axis. 

.'. the mid-point of PR lies on the radical axis. Q.E.D. 

It is important to become accustomed to the idea of regarding 
the limiting {roints as point-circles. Kcadiness in recognising this 
(act is frequently of use in rider-work. 
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The following method of establishing the fundamental harmonie 
pole and polar property emphaaises this idea. For further examples, 
see Ex. 38'42. 

Example. 

A variable line through a fixed point P meets a given circle 2, 
centre O, at H, K; Q is a point on HK, such that {HK; PQ) i* 
harmonic ; then the locus of Q is a straight line perpendicular 
to OP. 



Bisect PO at C : since {HK ; PQ} is harmonic. CH . CK=CP*. 

C is a point on the radical axis of 2 and the point-circle P. 
the locus of C is a straight line perpendicular to OP. 

But P is a fixed point and PC =CQ. 

the locus of Q is a straight line perpendicular to OP. Q.E.D. 

28. Show how to draw a circle coazal with two given circles and to 
totich a given line. 

29. A straight line ABCD meets one circle at A. B and another at 
C, D ; if L is a limiting point, prove that ALD BLC = 180®. 

30. A chord PQ of one circle touches a second circle at R; if L is a 
limiting point, prove that LR bisects PLQ. 

31. If two points are inverse points w.r.t. each of a system of circles, 
prove that the system is coaxal and has these two points as limiting points. 

32. Prove that the three pairs of limiting points of three oircles taken 
in pairs are conoyclio. 
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33. AB is common tangent of two non-inteneoting circlee ; prove that 
the circle on AB as diameter paasee through their limitiDg poiote* 

34. Prove that the four circles whose diameters are the four common 
tangents of two non-intersecting circles are coazal. 

35* A variable circle passes through a fixed point and cuts a given 
circle orthogonally; prove that it belongs to a fixed coaxal system. 

36* A sphere is inverted w.r.t. any point on its surface : determine 
the inverses of the parallels of longitude and latitude. 

S7« From a limiting point L, a tangent LP is drawn to a circle of the 
coaxal system and cuts another circle of the system at K ; prove 
(LP ; H K} is harmonic. 

38. H, K are the mid-points of the tangents from a point T to a circle 
£ ; P is any point on HK ; prove that the tangent PQ from P to £ 
equals PT« 

39. OP* OP' are the tangents from O to a circle ; T is any point on 
the line RR' bisecting OP» OP' ; if the polar of T meets RR' at Q, 

prove that TOQ = 90®. 

40. QP is the tangent at Q to a circle ; P is any other point; PQ. is 
joined and PR is drawn perpendicular to PQ : the rectangle QPRS is 
completed; prove that the polar of P passes through S. [Regard P 
as a point-circle. J 

41. From two fixed points A* B* tangeota AP* AQ, BL* BM are drawn 
to a variable circle : if P', Q% L% M' are the mid-points of these four 
lines, prove that the locus of the meet of P'Q' and L'M^ is a straight line. 

42. P* Q nre conjugate points w.r.t. a circle; if PQ subtends a right 
angle at a j>oint R, prove that the bisector of the tangonta from R to the 
oircle bisects PQ. 

43. Find the locus of a point which moves so that its polam w.r.t. 
three given circles are concurrent. 

44^ A variable circle touches a given line at a given point; prove that 
the polar of any other fixed point passes through a fixed point. 

45« PQ is a common tangent to two circles ; prove that P, Q are 
conjugate points w.r.t. any circle coaxal with them. 

46. A quadrilateral is inscribed in one circle and circumscribed about 
another ; prove that the point of intersection of the diagonals is a 
limiting point of the two circles. 

47. The inrirclo of the triangle ABC and the circle escribed to BC 
touch BC at X* X| and CA at Y, Y|; prove that the meets of the 

A 

circles on XX| and YYi as diameters lie on the line bisecting BAG 

48. An exterior common tangent of two circles cuts their radical axis 
at P ; L. L' are the limiting points ; prove that PL* PL' are parallel to 
the internal common tangents. 

49. ABCO is a given square; E is a point on AD produced, such that 
BE 

hM tU greatest T»lue ; prove that AD* = EA . ED. 



1S4 


MODERN aEOMETRY 


THEOREM 62. 

(1) The orthocentres of the four triangles formed by four straight 
lines are colUnear. 

(2) The mid-pointe of the three diagonals of a complete quad¬ 
rilateral are collinear. 

(3) The circles whose diameters are the three diagonals of a com¬ 
plete quadrilateral, are coaxa! and are cut orthogonally by the polar 
circles of the four triangles formed by the sides of the quadrilateraL 



Fio. 70 . 


Let FQ be the third diagonal of the qnadrilateral ABCD. 

Let be the orthocentre of the triangle ABF, and let AH|, BHj, 
FHj meet BF, FA, AB at Aj, Si, Fi. 

Since H | is ^e orthocentre, 

H,A,H,At=HiB.H|B, = H,F.H,F,=r,» (say). 

But AAj, BBj, FFj are chords of the circle whose diameters are 
AC, BD, FQ; the tangents from H i to these three circles are 
equal. 

If Hg. H„ H* are the orthocentres of ADG, DCF, CBQ, in exactly 
the same way, the tangents from H g, H g, Hg to these circles are eqnaL 



COAXAL CIRCLES 




.% these three circles are coaxal and Hj, H,. H,. H«, being on 
their radical axis, are coUinear : and the mid-poinU of AC, BD, FG, 
being their centres, are coUinear. 

Finally, the circle, centre Hj, radius r, is orthogonal to each of 

these circles ; but this is the polar circle of ABF. Br^ 

the four polar circles are orthogonal to the cucles on AC. BD, 

—-1. X Q.E.D* 

FG as diametcra. 

The reader is reminded that the circumcircle of the diagonal line 

triangle is also orthogonal to these circles. , , 

It should be noted that the polar circles are not aU real ; for the 
polar circle is real, only if the triangle is obtuse-angled. 


DtfinUion^ . , , . . 

U O O' are the centres of similitude of two circles, the circle 

whose diameter is OO' is called the circU of eirnililude of the two 


circlea* Ilx* Od*} 
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THEOREM 63. 

(1) The six centres of similitude of three circles, taken in pairs, 
lie in seta of three points on four straight lines which form a quadri¬ 
lateral whose diagonal line triangle is the triangle formed by joining 
the centres of the circles. 

(2) The three circles of similitnde of three circles taken in pairs 
are coaxaL 



(1) A, B, C are the centres of the three circles ; O^, O/; O 4 , Ot* t 
Ot, Os' are their centres of similitude. 

Let a,b,che the radii of the circles, centres A, B, C. 


Then 


AO, a BOi' 6 CO,' c 
0,B“"6’ 07c c* 0,'A a 

. AO, BO,' CO,' , 

•• 0,B‘ 0,'C ' 0,'A " 


applying Menelaus to triangle ABC, O,. O,', O,' are collinear. 

Similarly 0„ 0„ O,; 0,';*0,', O,; O,', O,'. O, are sets of 
collinear points. ' Q.E.D. 

(2) But 0,0,', 0,0,', 0,0,' are the diagonals of a complete 
quadrilateral; therefore the circles on these lines as diameters are 
coaxaL Q.E.D 
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Corollary. 

If a circle S touchea two circlea 2,. 2, at P, Q,, then PQ pasaea 

through a centre of similitude of 2i and 2*. 

For P is a centre of similitude of S and 2i, and Q. is a centre of 

similitude of S and 2s< 

50 In a trapezium ABCO, AB and CD are parallel : AD meeU BC 
at E*; prove that the common chord of the circles on AC and BD as 
diameters passes through E and is perpendicular to AB. 

51 Prove that the circumcentre of the diagonal line triangle of a 
complete quadrilateral is coliinear with the orthocentres of the triangles 
formed by the sides of the quadrilateral. 

52 “ If a circle is inscribed in a quadrilateral ABCD, its centre lies 
on the lino joining the mid-points of the diagonals.” What does tins 
theorem become when A> D, C are coUinear 7 

53 ABC, PQ.R are two self-conjugate triangles w.r.t. a circle 2 ; 
prove that the centre of 2 lies on the radical axis of the circles ABC, 
PQR. 

54 If two circles touch each of two other circles so that 4 or 2 or none 
of the points of contact are external, prove that the radical axis of either 
pair passes through a centre of similitude of the other pair. 

55 A B C are the centres of three circles ; prove that the radical 
axis of their three circles of similitude passes through the circumcentre 

of ABC. , 

56 The tangenU at A. B, C to the circumcircle of the triangle A^ 
cut BC. CA. AB at P. Q. R : U. V. W are the mid points of AP. BQ. 
CR ; prove that UVW is the radical axis of the circumcircle and the 

polar circle of the triangle ABC. 

57 If each of two pairs of opposite vertices of a complete quadri¬ 
lateral is conjugate w.r.t. a circle, prove that the third pair is also con¬ 
jugate w.r.t. the circle. 
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MODERN GEOMETRY 


THEOREM 64. 


(1) PH, PK are the tangents from a point P to two circles, cenbee 
A, B ; PN is the perpendicular to their radical axis; then 

PK>-PH>=2AB. PN. 

(2) From a point P on a circle, centre C, a tangent PK is drawn 
to a circle, centre B ; PN is the perpendicular to their radical axis; 
then PK*=2CB. PN. 



(1) Let the radical axis meet AB at O : draw PM perpendioulai 
to AB. 

Then PK* -PH* = (PB* - BK*) -(PA* - AH*) 

= PM*+MB*-PM*-MA*-(BK»-AH*). 

But OB*-BK* = OA*-AH* or BK* - AH* = OB* - OA*. 
PK*-PH* ={MB*-MA*)-(OB»-OA*) 

= (BM +MAKBM -MA) -(BO +OA)(BO -OA) 

= BA(BM -MA-BO+OA) = BA.20M 
= 2AB.PN. Q.E.D. 

(2) The tangent from P to the circle, centre C, is of zero length. 

by(l), PK*=2CB.PN. Q.E.D. 

This theorem admits of an easy analytical proof. 
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THEOREM 65. 

(1) n three circles are coaxal, the ratio of the tangents from a 
variable point on one of them to the other two circles Is constant. 

(2) The locus of a point, which moves so that the ratio of the 
tangents from it to two &xed circles is constant, is a circle coaxal 
with the given circles. 

(1) Let P bo a variable point on a circle, centre C, and let A, B be 
the centres of the other circles ; draw PN perpendicular to the 
radical axis, and draw the tangents PH, PK. (See Fig. 81.) 

Then, by Theorem G4 (2), 

PH*=2PN.CA and PK* = 2PN.CB. 

.*. is constant. Q-E.D. 


(2) Take any one position P of the moving point, and draw 
through it a circle coaxal with the given circles : let C bo its centre. 


Then, as in (1), 


PH*^CA 
PK» AB' 


is constant, and therefore C is a fixed point. 

CB 

8V6ry pofiitioD of P lies on the same coaxal oltoIo* 


Q.E-D 
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THEOREM 66. 


The circle of eimilitude of two circles and Sa is ooaxal with 
8i and Sa. 



Let OT'T and tO't' be two common tangents throngh the centres 
of similitude 0» O'. Let a, b be the radii of Si and Sf 


Then 


OT o 0'< 
OT'^b ~OV' 


If then a circle is drawn through O' coaxal with Si» Sj it will 
pass through O, by Theorem 65. But its centre must L'e on AO'BO, 
since it is coaxal with Si, Sj, and therefore it is the circle of similitude 
of Sit St« Q.E.L. 


58. Prove that the loous of a point, which moves so that the difference 
of the squares of the tangents from it to two given oiroles is constant, is 
a straight line. 

59. L is a limiting point of a coaxal system : P is a variable point on 
a fixed circle of the system; prove that PL' varies as the distance of P 
from the radical axis. 

60. Si, Sf, S», S* are four coaxal circles; PHi, PH|, PH*, PH* are 

PH PH 

the tangents to them from a variable point P; if is constant, 

prove that the loous of P consists of two circles. ^H*. PH* 

61. Find the locus of a point which moves so that its distance from a 
fixed point is proportional to the tangent from it to a fixed circle. 

62. A circle 2 touches two given circles and cuts their radical a'Hn 
at Q, Q,'; prove that the tangents at ^ Q,' are parallel to a pair of 
common tangents of the given oiroles. [Use Theorem 64, taking P at 
the centre of 2.] 
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63. From any point P, three tangents PX, PY, PZ are drawn to three 
eoazal circles, centres A, B, C ; prove that 

PX* . BC + PY* . CA + PZ*. AB =0. 

64 A is a fixed point : a variable chord PQ of a fixc’d circle 2 subtends 

a right angle at A ; prove that the locus of the mid point of PQ, is a circle 
eoazal with 2 and the point-circle A. 

65 A straight line cuts one circle at A. B and ano^cr circle at C, D ; 

the tongent at A meets the tangents at C, D at P, Q tangent at 

B meeU the tangents at C. D at R, S ; prove that P, O, R, S he on a 
circle coaxal with the given circled. 

66. Prove that two circles subtend equal angles at any point on their 
circle of similitnde. 

67 Tho internal bisector of the angle BAG meets BC at D ; pro^? 

the circle on AD as diameter is coaxal with the mcircle of the triangle 
ABC and tho circle escribed to BC. 

68 Prove that the circle whose diameter is tho third diagonal of a 
cyclic quadrilateral is the circle of similitude of the two circles whose 
diameters are tbo other diagonals. 

69 PLQ. is a variable chord of a fixed circle of a given coaxal system : 
L is ’a limiting point; PH, QK are the perpendiculars from P, Q to the 
radical oxis ; prove that PH • QK is constant. 

70 O is a fixed point; POQ. ROS are two 7 »riahlo pcn«n<hrular 
chorda of a fixed circle : prove that tho poles of PR. PS, QR. QS ho 
on a fixed circle coaxal with tho given circle and tho pomt-circle O. 

71 A B are tho points of contact of a common tangent of two gi%’en 
circles : any lino parallel to AB cuts one circle at P and the other at Q. 
Prove that AP, BQ intersect on a fixed circle, coaxal with the given 

oircles. 
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THEOREM 67. 

A Bjetem of coasal ciioles can be inverted, either into a syetem 
of concurrent straight lines or into a system of concentric circles. 

First, suppose the circles intersect at two real points A, B. Invert 
w.r.t. A. Then each circle becomes a straight line passing through 
the inverse B' of B. Q.E.D. 

Secondly, suppose the circles do not intersect at real pointa In 
this case, the system has two real limiting points, M, N say. 

Draw two circles 2i, 2„ each passing through M, N. Let C be 
any one circle of the coaxal system. Invert w.r.t. M ; then 2i, 2s 
become two straight lines intersecting at N', the inverse of N. But 
C is orthogonal to 2{ and 2|; therefore its inverse C' is a circle 
orthogonal to two lines intersecting at N 
N' is the centre of the circle C^ 

all the circles become circles having N' as centre. Q.E.D. 

Note that, in particular, any two circles can be inverted either 
into two straight lines or into two concentric circles. 


THEOREM 68. 

If a circle 8i is the inverse of a circle S| w.r.t. a circle 2, then 
Sj, S„ 2 are coaxaL 

Any point on 2 is unaltered by inversion w.r.t. 2. 

the two points of intersection (real or imaginaiy) of Si and 2 
are unaltered by inversion and therefore lie on S*. 

the three circles are coaxaL Q.E.D. 

In the case where Sj and 2 do not meet at real points, another 
proof may be obtained by constructing two circles orthogonal to 
Si and 2. 

Note that a system of concentric circles may be regarded as a 
coaxai system, the radical axis being the line at infinity, since the 
inverse w.r.t. any point is a coaxal system. 
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72. X is a variable circle touching two 6xed circles A, B ; P# Q are 
the two circles w hich touch X and cut both A and B orthogonally ; 
prove that P, Q cut at a constant angle. 

73. Find the locus of the inverse of a fixed point w.r.t. the circles of a 
ooaxal system. 

74. Sf S, are two circles touching externally two circles Xj, ; 
prove that a circle can be drawn coaxal with 2] to cut St 
orthogonally. 

75. A variable circle touches each of two fixed circles; prove that it 
cuts any fixed circle coaxal with them at a constant angle. 

76 If T is the radius of a variable circle which touches two fixed circles, 
and if L is one of their limiting points, and if LP is the tangent from L 

LP^ . 

to the variable circle, prove that- is constant. 


77. Prove that the circnmcircle, the mne poiot circle and the polar 
circle of a triangle are coaxal. 

78. A. B, C, D are collincar points : Si. S, are the cirt los whoso 
diainetcrs are AB, CD : a circle orthogonal to Si and S, cuts Sj at P. Q. 
and Sj at H. K ; prove that AP, BQ, CH. DK are concurrent. 

79. Provo that, if a variable circle is draw n to touch two fixed circles, 
the ratio of the tangents drawm from tho limiting points of the fixed 
circles to the variable circle is constant. 

80. (i) Prove that any three circles can be inverted into three equal 

circles. 

(li) A circle cuts three given circles at equal angles ; nrovo that 
it is coaxal with two of the circles which toucli all three 
given circles. 

81 Three circles have two common points A. B ; a variable line 

PQ 

through A cuts the circles at P, Q, R ; prove that is constant. 

82. L is a limiting point and Sj» S* two fixed eindes of a coaxal 
syste^m : 2 is a variable circle touching Si$ S| ; find the locus of tho 
inverse of L w.r.t. 2. 


83. A, 8. C* D are fotir collincar points : T is a point on the nulical 
axis of the circles whose diameters arc AB and CD ; TA. TB meet tho 
first circle at P, Q. and TC, TO meet the second at R. S ; prove that 
T, P. Q, R, S are concyclic. 

84. If tw'O circles are inverted w.r.t. one of their cenfres of siruiliUide, 

t rove that their radical axis inverts into tho circle of sinuhtude of tho 
ivsrss circles 
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